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RGPV SOLUTION BE-3001 (ME) MATHEMATICS-3 JUN 2018

1. a) Express f(x)=x as a half range sine series in 0 < x <2

Solution : Given f(x)=x, O0<x<?2 (D)
Here, L =2

Suppose the Half range sine series of f(x) is,

f(x):ibn sin(’“zx]

n=1

= f(x)zibn sin(m;x] [Since L= 7] 2

n=1
dx = J. X sin n”xjdx
2 2

Now, b, = % [ roo sin(

= b =-(1

Putting in equation (1), we get

4 & (1) . (nzx
X)=—— sin Answer
ro=-23E [ 122)
b) Obtain the Fourier series for the function f(x)=x’in —z<x<7x

Solution : Given: f(x)=x", —7<x<rx
Here, 2L=rn—(-n)ie2L=27 = L=x

Suppose the Fourier series of f(x) with period 2L is,
(x)——o Z cos( ijern sin(n”xj
L “~ L

= (x)——O + Y a,cosnx+ Y b, sin nx [ Since L=r] .2

n=l1 n=l1

Now, a,= %J‘”” f(x)dx = %rﬂxzdx

— = ZL” x*dx [Since x> =Even]
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and

and

=

3 s
a, :2{%} :§ T
0

%rﬁf(x)cosnxdler 2

T
= 2J. x% cos nxdx
0

44
:%Hm

n

sin nx

n

27(-1)"

2
n

X~ cosnxdx

72'*72'

Jao{-=5)-
—0}—{0—0—0}}:

b = % j £ (x)sin nxdx = %j 2

X~ sin nxdx

-

Putting in equation (1), we get

2.a)

Solution : Suppose f(x)= ¢

n

2( sin nx

3

)

f(x):% Z cos nx
n=l1

2 cosx cos2x cos3x
fo)= ——4[ R

—ax

By Fourier sine Transform,

{f(x) \/7_'. f(x)sin sxdx

{r(0)-= E I(x

]sin sxdx =

1

Differentiate w.r.t. s, on both sides, we get

ﬂ
ds
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-
. d \fro[ej . \ff(
= = \fj Cossxdx—\/2{()—+L€2{—acossx+ssir1sx}}

d
dx

i

—ax

X

jsin sxdx}

—ax

{ xcosnx =odd]

[ x* sin nx = odd]

. 3)

Find the Fourier sine transform of f(x)= l
X

(D)

] x0s 5x )dx

o0

0

Proved
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Integrating both sides, w.r.t.s, we get

I\E{m(_ﬂ )

For the initial condition, putting s =0, thenc =0

from (2), we have

Bl - ]

= F(s)=\/z tan‘l[fj = F{f(x)}z\/z[tan—l(fﬂ
| a)| T a

= F(s)= % tan‘l[ij From (1) Answer
| a

fs{e } = E [tan_1 (fﬂ

X V4 a
2 poe ™, 2 4 x .. .

= — I sin sxdx =,/—|tan" | — [By definition of Sine Transform]
T Xx T a

Putting a =0, we get

[ e P
- SfY-BlE)-

1

= f. {—} - |= Answer
by 2

b) Find Fourier cosine transform of f=e”

Solution : Given the function : F(x)=¢ “

The Fourier cosine transform of F(x) is given by,

£.(p)= ﬁ [ Focos pxdx
VA

f.(P)= \/% J:o e " cos pxdx = \/% {(—l)i—:pz {— COS px + psin px}}

0

ax

2 b2

{G) .[ e™ cosbxdx=
a +

{acosbx +bsin bx}}

rgpvonline.com


https://www.rgpvonline.com/

f(p)— _1

Thus  f.(p)= \/%{pzil}

3.a) Find the cosine transform of

2 2
a +a

1
x> +1

Solution : Suppose F(x) =

The Fourier cosine transform of F(x) is,

2 o
f(p)= \/:J:) F(x)cos pxdx
T

20 1

Differentiating w.r.t., p, we get

—I—— cos pxdx
dp \/7J.0 X +1 P

cos pxdx =1 [Say]

20 1 0 — X
o P e

= ﬂ__\ﬁr@ * sin pxdx

dp b/l xix2+1i P

2 (1427 -1) .
= =—|— sin pxdx
\/;’[0 xlx® +1 P

dil 2 (> sin px \/E sin px
= — == dx+.|—

dp \/;IO X 72"[0 xix +1i
- ey

dp w\ 2 T x{x”+1

N dl \/7 \/700 sin px
xix +1i

Again differentiating w.r.t., p, we get

sin px

e
ooxcospx wcospx

= \/7'[ xix +1i \/7'[ X +1

= ﬂ—l 0

dp*

rgpvonline.com

cos px — psin px}]j

Answer

(D)

sm pxdx

pjl@[{o—lawo)}]

[Adding and subtract 1]

2 {@ j:

From (1)

..03)

sin ax

dx ==

|
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This is Linear differential equation of higher order.

The solution of (3) is,

I =ce’+ce” (4
Differentiating w.r.t., p, we get

ar_ ce’ —ce’” ..(5)
dp

Putting p=0, in equation (1) and (4) we get
20 1 2 2(r V4
I=.]— dx=_[=|tan"'(x =\/:—=\/:
\/;j‘) x> +1 \/;[ ( )]: 71'[2) 2

and c]+c2=1:>c1+02:\/§ ...(6)

Again Putting p=0, in equation (2) and (5) we get

ﬂ:—\/E+O:>£:—\/EandC1—C2:—\/E (7)
dp 2 dp 2 2

Solve (6) and (7), we get

T
¢, =0and ¢, = 5
From (4), we get
1= \/Ee_p
2
i 1 T _,
= ie., F, 3 =.l—e Answer
x +1 2
. (mx ), . s
b) Develop sin [T) in half-range cosine series in the range 0 < x </.

Solution : Given : f(x)=sin (%) and O<x </

Here, L=1I

Suppose the Half-range cosine series is

f(x) = a_o _|_ Zan Cos(@j = @ _|_ al Cos(ﬂ) +Zan Cos(nﬂ-xj (1)
2 5 l 2 [ = [

Now, a,= %JZf (x)dx = %J-Olsin (?jdx
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wda, =2 [ cocos| "2 s = in] 2 Jeos| " Jx
I (CESI N (R 2N
- :%Jz{sm{(n:l)ﬂx}_Sin{(n—ll)ﬂdex:%_ iwll);r }Jr i_ll)ﬂ} e
! ! .
B N Il R e
[P ) L -
= 2 [(—1)”+1]; n#l

= inz —1i7z

Putting n =1, in equation (2), we get

et . |2mx 11 2mx
a, =—I sin¢ — rdx =—-x—| —cos| —
[ [ I 27 )

Putting in equation (1), we get

f(x)=———z[ +1lcos[ l j

4.a) Find the Laplace Transform of te ™ sin 3¢

Solution : Since L{sin 3¢}= 23 5" f(p)
+

By Multiplication property, we have

Lirsin 3t} = (1)L £(p)
dp
d| 3
-~ —C 1)5{]0 +9}
2p 6p
= :(_3 - > | = 2:f1( )
){(pzw)} (vo)
6(p +4) 6p+24
= = = 2
[(p+4)2+9]z (p2+8p+25)
arl 6p+24
us, 3t)=
Thus L{e (tsm t)} (p2+8p+25)2
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S5s+3
(s—l)(s2 + 2s+5)

b) Find inverse Laplace transform of

Solution : Now L' 5S2+ 3 =" ! - s=2 [By Partial fraction]
(s—l)(s +2s+5) s—1 s +2s+5
=L'{ 1 }—L‘ (s+1)-3
s—1 (s + 1)2 +4
— ¢! _etLl{ i_3 }
s”+4
t -t 3.
=e¢' —e | cos2t——sin 2t
2
Thus, |L* 5s2+ 3 =e' —e”’ |:COS 2t — E sin 2[} Answer
(s—1)(s> +25+5) 2
5.a) Find Laplace transform
—at _ _—bt
). % (ii). sin at —atcosat
Solution : (i). Suppose F(f)=e ™ —e™
Taking laplace transform on both sides, we get
LIF(n)) =Ll |- Lie ™|
1 1
= == f(p)
p+a p+b
By Division property of Laplace transform, we have
F(t o
L{ﬁ} - [ f(prp
t P
—at —bt
L{e e}zj{l—l}dp
t Pl p+a p+b
oo +a
= :[log(p+a)—10g(p+b)]p :{log(p ﬂ
p+b )
= =0-log pra =—log pra
p+b p+b
e —e™” p+b
Thus, L{—} = log[ j Answer
t p+a
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(ii). Now Lisin ar —atcosat} = Lisin at}—al{tcosat }
= -2 _ al- 1)i L{cos at} [By Multiplication of 7]
2 2
p +a dp
a d
= =2, 2 +a—{ 2p 2}
p +a dp| p”+a
_a _(p2+a2)1—p(2p)
= ) ;ta 2 2
p*+a (p?+a?)
a [ a* - p?
= = +a
p2+a2 _(p2—|—a2)2
2 3 3 2 3
- _ap +a2 +a2 : ap” _ 2Za - Answer
(p*>+a*) (p* +a*)
b) Using Laplace transform, solve the differential equation

y'-3y'+2y =4t +e” when y(0)=1and y'(O) =-1
Solution : Given the differential equation is,

Y' () =3y'(t)+2y(t) =4t +e” (D)
With initial condition are: y(0)=1and y'(0)=-1
Taking Laplace transform of (1) on both sides, we get

Liy"(0)}=3L{y' (t)}+ 2L{y(0)} = 4L{t}+ Lie* }

) , 4 1
= |p y(p)—py<0>—y(0)]—3[py<p)—y<0>]+2y(p>=?+E @ L{y®}=y(p)]

Putting the initial values,

y(0)=1 and y'(0) =—1, we get

4 1
[P2Y(P)—P+1]—3[py(p)—l]+2y(p)=_2+_
p- p-3
4 1
= (P2—3P+2))’(P)—P+4=—2+—
p° p-3
4 1
= (p-Dp-2y(p)=—F+——F+p-4
p- p-3
4  p*—Tp+13
= (p-Dp-y(p)=—+ L L2
p p-3
4 p’=Tp+13

= Lip®}=

P(r-1p-2)" (-1\p-2Xp-3)
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1 1 1
= (tH)=4L _—
’ {p L? 2 p- J}
I 1-7+13 N 4-7(2)+13 N 32—7(3)+13
(p-D[1-2)1-3) @2-D|(p-2)|2-3) B-DGB-2)|[(p-3)

[Using “Cover up” Method]

2t
= yO=4 PP A CASLD B G /) S G 555 (N

© Suppose f(p)= %—% = L' {f(p)}=L {L}—L‘l{L}
- - P P

By division of p, we get
—lf(p)_tIZz t _lez_
L {7}—IOUO(€ ¢ ﬁt}dt_.[o{
j e e A | e, t 3
= ——e +— dt=|——-e'+—| =——-e'+———+1l=——-€'"+—+=
4 2 4 2 4 4 2 4

= y(t)=e* —4e' +2t+3+ze' —3e* +le3' :le” —2¢* —le’ +2t+3
2 2 2 2

1 1
Thus |y(@)= §e3' —2¢* —Ee’ +2t43

Fo=1
Z

6.a) Discuss the analyticity of the function

. : o 1
Solution : The given function is, f(z)=—
<

= u+iv=

xX+iy

. X+iy X .y
= u+iv=s——-=—F——--1—"—
xT+y xT+y X +y

Equating the real and imaginary part, we get

X Y
u:x2+y2 andv:—xz_’_y2 ... (D
Differentiating w.r.t. and y, we get
ou (x2 + yz)l—x(Zx) y—x° ou —2xy
P 2 = B &—= ‘Y
Ox (x2+y2) (x2+y2) Oy (x2+y2)
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ov 2xy ov _(x2+y2)1—y(2y): y2—x2

and —= & —=

ox (x2 + y2)2 Oy (x2 + y2)2 (x2 + y2)2

Clearly, 8_u = @ and a_u = —@
ox Oy oy ox

Hence, C-R equations are satisfied.

Therefore f (z) is analytic.

2

(z=1) (c+2)

b) Determine the poles of the function f(z)= and evaluate residue of each pole.

2

z
Solution : Given, f(z)=——+——
(z=1)(z+2)
Taking, (z—1)(z+2)=0

= z=1(order?2),—2

().  [Res f(2)]_ =lm L{i(z ~1) f(x)} = lim{i(z -1y xz—}

=1 |2-1]dz 1| dz (z=1)(z+2)
. v _i 2 | (z+2)22)-2%(1)
];I—I>11_dz(z+2)} I;I—{l[ (z+2)2 }
[ +4z] (P +40) s
- _]g;—l’ll_(z+2)2}_ (1+2)2 i)

Bl

Thus, |[Res f (z)]zz1 =9 Answer

(ll) [Re Ky f(z)]z=72 = Z]i_l;I_l2(Z + Z)f(Z) = z]jE>I—12|:(x+ 2) X m}

g e e

Z

7.a) Evaluate e—dz where C is circle [z —1/=3
“(z+1)
Solution : Given, I = J.C(e—;l)dz
Z

The pole of integrand is given by,
(Z+1)2 =0= z=-1, of order 2.
Now, z=—1=|z—1|=|]-1-1]=2<3

Clearly z =—1, is a pole which inside of C, then by Cauchy integral derivative formula,
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e 21 . i , éf
dz = Im | — 1
IC(Z+1)2 : |2—1z—>—l_dz(ZJr ) (z+1)2}
:27zuhm[ie‘ :27zz]1m[e‘]
-1 dz z—>-1
27
=27le™ )==—=
)=
Thus, Lﬁdz:% Answer

b)

Find the imaginary part of the analytic function whose real part is u = x* —3xy” +3x* —3y” +1.

Solution : Given: u = x’ —3xy” +3x” —3y” +1

Partially differentiate w.r.t. x and y respectively

a—M=?>xz—3yz+6x anda—u:—6xy—6y ..(1)
ox Oy

To Find Conjugate function v

Now,

=

dv= (@jdx + {@]dy
ox Oy

dv=|—- ou dx + (a—ujdy [by Cauchy-Riemann Equation]
Oy ox

= (6xy+ 6y)dx+(3x2 -3y’ +6x)dy

Integrating on both sides, we get

8. a)

= _ 2
Ve )’COnStam(6xy * 6y)dx + Independenofx( 3y )dy +ce
v=3xy+6xy—y’ +¢ Answer
. . . . dy
Using Picard’s method to approximate y when x = (.2, given that y=1 when x = 0 and d_ =x-y
x

Solution : The given initial value problem is,

?:x—yzf(x,y); with y, =1 at x, =0 . (1)
x

1’ Approximation :

=

Yi=Yo +J:;f(x,y0)dx

2

X X X
Y :1+L [)c—yo]d)c:1+j0 (x—l)dx:1+?—x

2
at x=0.2, we get y, =1+%—0.2=0.82

2"! Approximation :
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Y2 =Y +Lﬂf(x’ y)dx

2
= yz=1+J:;[x—yl]dx=1+£€{x—(l+%—xﬂdx

3

2 3
=yl {2x—1—%}dx=l+x2 —x—%

(0.2)

at x=0.2, we get y, =1+(0.2)" —0.2— =0.8386  Answer

8.a) Apply Runge-Kutta method to find approximate value of y when x = (.2 given that

d
_y:x+y and y=1 when x=0.
dx

Solution : Given differential equation is,

d
= xty=fxy)
dx

With initial condition, y, =1,x, =0 and x=0.2 (Given)

x=x, 02-0
Taking, h = 0 = 5 =0.1, such that x, =x,+h =0.1 and x, =x, +2h=0.2
n
1. First Approximation :

Here, x,=0and y,=1

k1=hf(x0,y0)
= =hlx,+y,]=0.10+1]=0.1
h k
k2:hf(x0+5, )’0+Elj
= :0.1f(0+%,1+%]:O.lf(0.0S, 1.05)
= =0.10.05+1.05]=0.11
h k
k3:hf[x0+5, y0+72j
= =0.1f(0+%, 1+%)=0.1f(0.05, 1.055)
=  =0.10.05+1.055]=0.1105

k, :hf(xo +h, )’o+k3)
= 0.1£(0+0.1, 1+0.1105)=0.1£(0.1, 1.1105)

= =0.1[0.1 + 1.1105] = 0.12105
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Y=Y +é[k1 +2k, + 2k, +k4]

= =1+é[0.1+2(0.11)+ 2(0.1105)+0.12105]=1.11034,at x, =0.1

2. Second Approximation :
Here, x, =0.1 and y, =1.11034

ki =hf (x, y,)
=  =hx +y]=0.10.1+1.11034]=0.121034

h k

k, :hf()ﬁ +5’ Y +31]
= :o.u(o.u%, 1.11034+0'121034j:0.1f(0.15, 1.17085)
= =0.10.15+1.17085]=0.13208

h k
k,=h +—, y +—=
3 f(xl > Y1 2}

= O.lf(0.1+%,1.11034+0‘13208

j:O.lf(O.IS, 1.17638)

= =0.1[0.15+1.7638]=0.13263
k, =hf()c1 +h, y, +k3)
= =0.1£(0.1+0.1, 1.11034+0.13263)=0.1£(0.2, 1.24297)

= =0.1[0.2+1.24297]=0.14429

Y, =Y, +é|:kl +2k, + 2k, +k4]

= :1.11034+é[0.121034+2(0.13208)+ 2(0.13263)+0.14429]=1.24279, at x, =0.2

Thus, y(0.2) = 1.24279 Answer
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