1. ) Discuss the maxima and minima of the function #=x’y’ (1-x-y)
Solution: Given the equation of curve is

u=x'y" (1-x-y)
Partially differentiate w.r.t, x and y we get

%:;—=xay2 (-1)+3x3)2 (1-x-y) ==x*)2 +3x*y* (1-x-y)

and %-—-xsyz (—l)+2x3y(l-x—y)=—x3y2 +2x3y(l—x—y)

Taking, %= 0 http://www.rgpvonline.com
= =xy 4377 (1-x-y)=0
= 3x%y? (1-x-y) =x*y?
and ou_
oy
= -x’y? +2x3y(l-x—y)
= 2y (1-x=y)=x"y’
From (4) and (5), we get
2 y(1-x=y) =327y (1-x-y)
= 2x=3y
= —zx
773
From equation (4), we get
352y (1-x—-y) =x*y?
= 3(1-x-y)=x
= 3(l-x—zx)=x
3

= 3-5x=x

1
pr— X=—

2

Putting in equation (6), we get

The required stationary point is G— %]

.. (1)

)

.- (3)

. (4)

.. {3)

... (6)



From equation (2), we have

-gi‘-=—x3y2 +3x%y? =3x%)? = 3x%)} = 3x%y? - dx’y? - 3x%y’

Partially differentiate w.r.t., x and y we get

r=62:‘=6xyz—12J4:2y2—6er3
2
and s= Ou =6x2y-813y-912y2
Oy Ox

From equation (3), we have
ou = —13y2 +2x7y- Zx4y-2x3y2 = 213y-2x4y -3x3y?
Partially differentiate w.r.t, y we get

Fu_ 5 o4 3
t=—5=2x"=-2x" —-6x"y

. 1 ]
Putting x=— and y=—
1=y MEY=3

OOROORAOEE
2 3 2 2

= A BT

- {43

o {8

Since, r>0and r1—s’ >0, therefore given function have minimum value.

3,082
Now, u_, (—]-,l]z(-l—) (lJ (l-i—-l-)=—l—— Answer
23/ \2)\3 2 3] 432




b) Expand log.x in power of x and hence evaluate log,(1.1) correct to four decimal places.

Solution: Suppose f(x)=logx

Successive differentiation w.r.t., x, we get
’ l " l " 2 iy
f(x)z;r f (X)=—-;§-, f (_x):.;? and fn (x):———.

Putting x = 1, we get

f()=logl=0, f'()=1, f"()=-1L f"(1)=2and f*(1)=-6

We know that Taylor series in power of (x~1), we get

7= 10+ 22+ rfﬂ}h ’f%)(*”

4

= logx=0+xL:l(l)+ ("2‘) (-l)+-(3—-‘—5—]-)—(2)+-(—%£)—(-6)+...

fm (|)+

= logx=(x-1)-

(x=1) (=1 _(==1)*
2 3 4
Putting x = 1.1, we get

2 3 4
1% (0.1 (0.1)
log(1.1}=(0.1)- + - +
s(L)=n)-She -2
= =0.1-0.005+0.00033-0.000025

=  [log(1.1)=0.095305

Answer



2. a) Verify Lagrange’s Mean value theorem for the function f(x)= 2x? -7x+10in 12, 5]
Solution: Given the function is

f(x)=2x*-7x+10 (1)
(). Puttingx=a=2andx=b=35, we get
F2)=2(2)*-7(2)+10=4
and  f(5)=2(5)*-7(5)+10=25

Clearly f(2)= £(5)
(i1).  Since f(x) is polynomial function in x, then f(x) is continuous in [2, 5].
(ii1).  Since f(x) is polynomial function in x, then it can be differentiate such that
fi(x)=4x-7
then by LMVT 3 at least ¢ € (2, 5) such that
10 =181

5-2
- 40—7=E
5-2
— dc=14=> ¢c=3.75€(2,))

Hence Lagrange’s mean value theorem is verified for f(x) in [2, 5].



b) Iif u=f(y—-=z,z=x,x=y), then prove that UL

oz
=z=x,Z=x-y,thenu= f(X,Y.Z)

Therefore u 1s composite function x, y and z respectively.
We have X =y-=z,

Solution: Suppose X = y—=z,

=z=x,Z=x-y
Partially differentiate w.r.¢. x, y and z respectively, we get
aX ox . oX

=0,—=1,—==1  http://www.rgpvonline.com
Fw o Fo p gp

And or -l,£=0,£=l,z—l z= 162 =0
ox oy oz ox oy oz
Ou _Ou 6X ou 6}’ ou 0Z

Now,

6x6Xax aYBx BZBx

ou

—-(°)+ ~1)+ ()'a_ya—z
3!( auaX auaY auaz
X ay oY oy oz oy

ou oOu
1 0 =—-— .. (2
)+ 2 (O)+ 2 (1) = - 2 @
ou _ ﬁﬁﬁ_"ﬂﬁ_"ﬁ
o= a o aY'a.- 62'3:
ou Ou
1)+ O)=-—+—
T () () + 2 (0) = -+ 27 3)
Adding (1), (2)and(3) we get
au ou au Ou Ou Ou Ou Ou OJu
—_—t—f———— t—t—————t —=)
ax oy o= oY o0Z 38X oZ oX oY
6u Ou oOu
= —_— o — =)
ox ay o=

(1)

Hence proved



b
3. a) Evaluate I x? dx on limit of sum.

a

Solution: Given f(x)=x’andnh=b-a
We know that by definition of definite integral as limit of sum,

jbf(x)dt=hlim0h[f(a)+f(a+h)+f(a+2h)+....-+-f(a+(n-l)h]

Thus

h—-0 L

b -
I x2 dx= lim h a2+[a+h)2+(a+2h)2+....+{a+(n—l)h}2]
a

- lim h'a2+(a2+h3+2ah)+(a2+22h2+4ah)+....+{a3+(n-1)2h3+2a(n-1)h}:|
h—-0 L

= Jlim h a* (1+1+1+.nams)+h2(12+22 +,..+(n-1)2)+2ah(1+2+...+(n-1))]
-

http://www.rgpvonline.com [Q 1+2+3+_,_+m;mes=z,,="(”“)]

2
= lim h[na2+h2 ("")"(2""):,2‘:1.9-"—')—"]
6 2

h—0

i " 5 (mh—h)nh(2nh- h) (nh-h)nh
—hino[" a 6 2 ]
=h-» [(b -a)a’+ (b-a-h)(b- :)(Z(b a)- h)+a(b-a-h)(b-a):|
~ : (b-a-h)(2(b-a)-k)
_(b-a)hh_?o[ah - +a(b—a—h)]
=(b-a)L 2+(b_a_0)(2(b_a)_o)+a(b—a—0)]=(b—a)[a2+£b——3£lz—+a(b-a)]
=(b;a) :3az+b2+a2-2ba+3ab—3a] (b-a )[b +a +ab]
=g
E

3 3
b -
I X% dx= 9—3“— Answer




b) Prove that I:e"‘z =§

Solution: Suppose /= I:e"z dx

Putting, X=t> x=qt
1
dx=—=xdt
2t
© 1
Now, I=] e dt
b 5w
_1 I et V2 = 1 J‘ et (V2 4
270 2Jo

= % E = Hence Proved



2,1
4. a) Evaluate: .[o J‘o(x2 + y2 ) dxdy

Solution: I:I;(xz + yz)dxdy= Ij[xz y+[§]]ﬂdx

2
3

=f_+i =(§+z)_(o+o)=.l2 Answer
3 3 3 3 3



b) Evaluate I:I: I:+ye’+y+  d=dydx

apx px+y .
Solution: Suppose 7= Io J'O jo e e dy i

- SR [
- L] e
- Hhtr e

- =J' & I ( x+2y e)
0
[ x+2y
= ="‘aex £ —eyj[:dx
0 2
a [ _3x x
— =I ed AL S ) LA 1§ PR
0 2 2
9 5 3 x a e4x 2x , x
= =Ioe —_———e +1 dx=jo -—=—e“" +e” |dx
4x 4a
— —[:eT——ezx-l-e’ eT—Zezaﬂ.’” [_l___+])
e4a 2a . a 3

= =———eT e -E Answer



S. a) Test the convergence of the following series.
Zu,, = l+l+L+—l-+...
2 22 2}
Solution: The given series can be written as

1 1 1 1
l+—+—+—+.. . +—+...

2?2 2 T
- . . . |
This is geometric series and common ratio is r = 3 <1

therefore the series is convergent.



b)
Solation: Given: f(x)=x, 0<x<2
Here, L=2

Suppose the Half range cosine series of f(x) 1s,

a, < 3
f(x)=7°+’§la,, cos(f'?)

— S(x)= 2, i b,,cos(m”)
2 2 2

Now, =%I:f(x)dx
= =% ozxdx
- = F—[ =1[22-o]=2
2 2
= ag =2
and a, =%I: f (x)cos[?)dx
= a, =%ij(x)cos(";x]dx=jjxcos(
= =
- e
-

Express f(x) =x as a half range cosine series in the interval 0 <x <2

(1)

[Since L = =]

(2

mtx]dx
2

4

2 2
nr

Putting in equation (1), we get

-1)"-1
f(x):l-i»iZZMcO

n

n=1

|

nrx

)

)]
}]

Answer



6. a) Show that the mapping 7:R> - R defined by
T(x, %) =(x +x3,% — x5, x,} is alinear transformation.

Solution: Given the mapping is, 7 : R> - R such that

T(xl,x2)=(x,+x2,x|-x2,xz) ....(l)
Let a = (ab) = T(@) =T(a.b) = (@+b.a-5.8) @)
and B = (ay.by) ST(B) =T(ap.bs) = (ay+by,ay~by, by) e 3)

Leta, b e Rand a, BeR’ , then
T(aa +bB)= T[a(a, b)+b(az. by)]
= T(aa, +ba,,ab +bb,)
= [(am +bay)+(ab +bby),(acy +bay) —(aby +bby ), aby +bb, | [From (1)]
= [a(a +b)+b(ay +by), a(a - by) +b(ay — by), ab + bb, |
= a(ay+b,a -b,b)+b(a, +b,,a,-b,,b,)

= aT(a)+T(B) [From (2) and (3)]

T is a linear transformation. Proved



b) Show that the set S of vectors (1,0, 0), (1, 1, 0) and (1, 1, 1) is linearly independent.
Solution: Given: a;=(1,0,0), ax=(1,1,0)and a3 = (1, 1, 1) and let a,, a5, a3 € R, such that

o +aas +azo; =0

= a(1,0,0)+ay(1,1,0)+a5(L1,1)=0
o (a0, O)+(a2,az,0)+(03,03a03)=6
- (a)+a, +a3,a; +a3,a3) = (0,0,0)
Equating both sides, we get
a+ay+a3;=0
ay+ay;=0
and ay=0

= a|=0,02=0anda3=0
Hence, the given set of vectors is linearly independent set.
http://www.rgpvonline.com



1 2 3 2
7. 2a) Findrankifthematrix [2 3 5 |

1 3 45
Solution: Now will find the rank of matrix by Echelon form
(1 2 3 2
Given 4=12 3 5 1
|1 3 45
Applying, Ry = R, -2R,, Ry - R - R,
1 2 3 2
A~|0 -1 -1 -3
o1 1 3

Appl)'ll‘lg, R3 - R3 + Rz

12 3 2
A~{0 -1 -1 =3
O 0 0 0

Clearly number of non-zero two rows, then
p(A)=2 Answer



b) Solve the system of equations3x+3y+2-=1 x+2y=4 10y +3-=-2 and 2x-3y-z=5
Solution: Given the system of equation is

- p- -

3 3 2 1
X
12 of | |4
o 10 3(7|=2
2 -3 -1 |5
— AX =8B

This is Non-Homogeneous system of equation, and then augmented matrix is

3 3 2| 1]
1 2 0|4
C=[4AMB]=
0 10 3 |=2
2 -3 -1 5]
Applying, R & R,
1 2 0 |4]
C__3 3 211
5 3 144
2 1 6 |2]
Applying, Ry — R, =3R,, R & Ry =5R, Ry = Ry -2R,
1 2 0] 47
0 -3 2|-11
C~lo 10 3|-2
0 -7 -1| -3
Applying, Ry = Ry + R,
1 2 0| 47
0 =3 2 |-11
C...
0 7 5]-13
0 -7 -1]| -3
Applying, Ry — Ry + Ry
1 2 0] 47
0 =3 2|-11
C~lo 7 s|-13
0 0 4|-16]
Applying, Ry = Ry +-;-R2, Ry —>-§‘¥-
1 2 0 4
C~0 -3 2 -11
0 0 29/3|-116/3
0 0 1 -4




) 3
Appl R —R

1 2 0| 4
0 -3 2|-11
C~
o 0 1|4
0 0 1| 4]
Applying, Ry = Ry - R
1 2 0] 47
C -~ 0 -3 2|-11
o 0 1|4
0 0 0| 0
Clearly, p(A4)=p(C)=3(No of variables)

Hence, the system is consistent and having unique solution.

1 2 0Of=x 4
0 =3 2|yl=|-1I
0 0 1}|:= -4
o x+2y=4 ...(1)
=3y+2:-=-11 -.(2)
===4 .-(3)
Putting the value of z in equation (2), we get
y=1
Putting the value of y and z in equation (1), we get
x=2

Thlls, x=2,y=lan z==4 Answer



8. a) Find the Eigen values of the matrix

6 -2 2
A=|=-2 3 -l
2 -1 3

Solution: The characteristic equation is
|4-A1|=0
6-2 =2 2
-2 3= -l
2 -1 3-=A

=0

U

(6-1)| (3-2) -1 ]+ 2[2(3-3)+2]+2[2-2(3-1)] =0
(6-A)[(3-A-1)(3-2r+1)]+4[-3+A1+1]+4[1-3+A]=0
(6-2)[(2-1)(4-1)]+4[r-2]+4[r-2]=0
(A-2)[-(6-1)(4-2r)+4+4]=0

~(h-2)[A2-101+16]=0

u U U U U U

~(A-2)(r-2)(r-8)=0

A=8,22 Answer

U



1 2 =2
b) Verify Cayley-Hamilton's theorem for the matrix (1 1 |
1 3 -1
Solution: Solution: Given the matrix is
1 2 =2
A=j1 1 1
1 3 -1
The characteristics equation is,

|4-A1]=0
- 2 =2
1 -2 1 [=0
1 3 -l-A
- (1-3)[~(1-2?)-3]-2[-1-2-1]-2[3-1+2]=0
= (1-2)[ 2% -4]-2[-2-2]-2[2+2] =0
= A =4-17 +40+2[242]-2[2+1]=0
- A-ral-dr+4=0

This is required characteristic equation.  http://www.rgpvonline.com

Verification of Cayley-Hamilton theorem

(1)

By Cayley-Hamilton theorem every characteristic equation satisfy its characteristics equation, then from (1), we

Have
A-A2-a4+41=0
12 =211 2 =21 [1 =2 2
Now, A=44=[11 1|11 1]=|3 6 =2
13 =1|f1 3 <1] |3 2 2

1 =2 271 2 =211 6 -6
and A=a4a=|3 6 =2t 1 1|=|7 6 2
3 2 21t 3 =1] |7 14 -6

LHS =A3-A2-44+41

1 6 -6 |1 =2 2 1 2 =2 1
=7 6 2|=-|3 6 =2|-4|1 1 1 |+4(0
7 14 -6 |3 2 2 13 -1 0
0 00
=10 0 0|=RHS.
0 00

Hence verify Cayley-Hamilton theorem.

(2

00
1 0
01



