1. a) Solve: (l+x2)—+2xy 2cosx

Solution: Given: Q+ 2x2 y= 2008;
dx l+x 1+x

2x 2cosx
7 and Q="

Here P =

1+x l+x

IF.= exp(j de) = exp(f 1 fiz dx) = exp[log(l +x° )] =1+x?

The solution is,
ylF.=c+[IF.xQadx

= (l+x) c+I(l+x2) :iiojx

o y.(1+12)=c+2jcosxdx

= y.(l +.r7') =c+2sinx Answer




b) Solve: x2p3+y(1+x2y)p2+y3p=0,wl1ere p:%

Solution: Given: x° p3 + y(l +x° y) p3 + y3 p=0

= p[x2p2 +yp+x2y2p+y3]=0
= p[xzp(P+y’)+y(p+y2)]=0
= p(p+y)(x*p+y)=0
p=0, p+y2 =0 and xzp+y=0
Now, p=0
= gy—=0
dx

Integrating on both sides, we get
y=¢= y=-¢=0

Now, p+y’ =0

(1)

= % =-y’ http://www.rgpvonline.com
= -Qz =dx
y

Integrating on both sides, we get
—=X+Cy :)l-x-c2=0
and x’p+y=0
= ng'-)-’-+y=0
dx

L B
y b 4
Integrating on both sides, we get
logy=1+c3
X
= logy-‘l--C3 =0
X

The required solution is,

(}'-C)[::j - X—C][logy— i-ch 0

- (2)

- (3)

where ¢, =¢, =3 =c

Answer



d3

d’y . dy x
2. a Solc——--3 +3— =e  +2
) Solve: =5 =325+ Y=

d’y _d’y _dy

Solution: Given PR 3——y=¢"+2

The AE. s

The CF.is

Now,

=

The solution is,

dx

(D*-3D%+3D-1)y=¢"+2 as Du
dx
m =3m’ +3m-1=0

(m=1)’=0
m=111

CF.= (c, +XCy +xzc3)e’

Pl =

2
_‘-'=(Cl +XC3 +X C3)ex +

Answer



2, , .
b) Solve: x? d : .rd'y y=x"+2logx
dx” dx
Solution: Given differential equation is
x? ly Zxdy —4y=x2 +2logx ... (D

This is homogeneous linear differential equation.
So put x=¢"

2
and xiﬁD, X — d =D(D-1) as D-_d_
dx dx? da

then equation (1), becomes

[D(D-1)-2D-4]y = &*% +2:
= [02-30 4]y 27 422
The AE. 1s,

m’ —3m-4 =0

(m+1)(m-4) = 0

U

U

m=-14

CF.=qe +cpe¥ = x +px*

6 21
x° logx 3
Pl=-—-—2
6 2 8
The required solution is,
y=CF.+PI.

2
- y=¢ x +ext _x _logx 3 Answer
6 2 8




3. a) Solve: (l-xz)-‘;—i-i}i-u%_y:x(]_xz)m

Solution: Given differential equation is

dy x dy _y _ 212
_x B l ~ 5\ 112
Here, P—l-xz’ Q__l-xz and R—x(l-x)
Clearly P+0Ox = al +x(- ! )—0
1-x? 1-x2

Therefore y; = x, 1s a part of C_F_, then Suppose the complete solution 1s

y:vy] =vVX (2)
Where v is a function of x  http://www.rgpvonline.com
5 -
Since d—:+[P+ 2dy (dv _ R
dx Ndx |dx y
) 5\ 12
d’v [ x +2(l) dv _x(l—x )
d* |1-x2 x ]dx X
d*v X 2 av 5\ V2
= + +=|—=(1=-x" (3
dx’ I:l-x2 x | dx ( X) ©)
2,
Taking, L & 4
dx  dx &?
. From Equation (3), we get
d= X 2 2\ 2 ,
dx+[l—_x2 +-;]:=(I—x ) ..(4)
This is Linear differential equation of first order.
172
Here, A= x2+2 andQ,=(l-x2)
l-x" x

2
x 2 1 X
and IF = JP dx _ e‘[[l-xz + -;] dx _ e[— Elog( 1—_:2) + Zlogx] _ elog{r_xz ) _ %2

l-J:2



The solution of equation (4) 1s,

o

zlF =+

Integrating on both sides, we get

p—

logz=-logx+logc,

_9

dv = € 'jdl
X

Integrating on both sides, we get

v=glogx+c,

Putting in equation (2), we get

(s

y =[c, log x +02]e"

Answer



nd’y _dy

b) Solve in series the equation (1 +Xx )—+xz- y =0about the point x = 0.

2
Solution: Given differential equation is,
2
Ny, b,
(l+x )dx2 +xdx y=0 .. (1)
Here, Fy(x)=1+x>
and R(0)=1+0=120

Therefore x = 0 is an ordinary singular point of given differential equation.
Suppose the solution is,

y=ao+alx+azx2+a3x3 +... (2)

— y= Z ag xk --(3)

Differentiating both sides w.r.t. x, we get  http://www.rgpvonline.com

%=Zakkxk-l=2akkxk-l

2 k-2 . k-2
=g Zakk(k-l) =D ag k(k=1)x""

dx k=0 k=0

2

Putting the values of y, Zy and %m equation (1), we get

and

(l+12) i a; k (k-l)xk_z-fxi ay kxk_'-iak =0
k=0 k=0

k=0

= Zakk(k-l)xk—z-i-Zakk(k—l)xk+Zak kxk-Zakxk=0
k=0 k=0 k=0 k=0
Equating the coefficient of x’ on both sides in equation (4), we get
22-1)ay+0+0-ay=0 = |as =%
Equating the coefficient of x' on both sides in equation (4), we get
Equating the coefficient of x* on both sides in equation (4), we get
- ay=-2-= -l(&) [Putting the value of a,]
4 41 2
=-%
= =
ay 3

.. (4)



Equating the coefficient of x* on both sides in equation (4), we get

5(6-1)as+3(3-1)a3t3a3—-a;=0

- as =-2—;’l=o [Putting the value of a;]

Putting the values of a, a3, a4 and as in equation (2), we get
y=ay +a1x+(%] x2+0x° +(-a?o) xXox

Answer




4.2) Form a partial differential equation by eliminating arbitrary function from z = f (xz - yz)

Solution: Given function is,

z=f(¥*-»?) (1)
Partially differentiating w.r.t. x and y on both sides, we get

Oz _ )

g—Z.Xf(x -3 ) )

-2 22\ &= (2 2 :
and -5‘-'——2_1f(x -y ) Le. 2 8_;-'_ f(x y ) --(3)
From (2) and (3), we get

& |- L&

ox Z}v ay
= vé-i-xé:() Answer

Y%



b) Solve the following differential equation
(xz-yz—:z)p+2xq=2x:, where p=§x-:- and g = &

Solution: Given differential equation is

2 2
(x*=-y

Thus is Lagrange LPDE.
Here P = xz—yz-:
The Lagrange AE. is

& _ dy _

—:2)p+2xyq=21:

2 0=2xyandR=2x:

d=

xz_yz_:z —ny—2x::
Taking the multipliers x, y and z respectively, we get

xdx + ydy + =d=

_\'(.\'3 -7 —::)Jr_r( xy)+:z(2x:)
- _ xdx+ydy+ zd:=
(x -y -z +2y +2z )
— xdx+ydy+:zd http://www.rgpvonline.com

x(x2+y2+:2)
Taking the ratio’s as
xdx+ydy+zdz=  d=
x(x? +y? +-2) 2xz

2xdx+2ydy+2 d= d.

x+) +22 =

Integrating on both sides, we get

log(:nr2 +y2 +:2)= log = +log ¢

.\'2 + ]-’2 +.'.2
= log - =logc,

2, 2.2
- x ”i += g
Taking Last two ratios, we get
dy _ d=
2xz
E

p—

2x
&
y

o

(D

- (2)



Integrating on both sides, we get
log y=log:z +logc,

— log(%) =logc,

=

=

The General solution of equation (1), we get

2. 2, 2
¢|:.’_‘_+_}_’__+_'_,2’.]=0

.. (3)

Answer



S. a) Solve x2p2+y2q2 =1, where ng and qz-gi

oy
Solution: Given,

2 2 2 2 2
xXpT+yq =z

2 2
5 (xp) +(vq) ==
ar_1
Putting Y=logy = % ¥
ax _1
And X=logx = 0 X
0z 0z X | é= iz
p:-——: . = - :xp:-——
Now &x X ox xaoX oX
E_x &
wd o ¥y yor  P1Tar

Putting those values in equation (1) we get,

2 2
(2)-(2)--
oX oY B

pol g
Pl+Q?=1

=
This 1s of the form f(p, g) =0 1.e. the standard form 1.
Suppose the solution is,

z=ax+by+c

Partially differentiating w.r.t. x and y on both sides, we get

%=a = P=a and z=b =>Q0=5b

Putting the value of P and O in equation (2). we get
a2 +b2 =1

= b=\1-a’
Putting in equation (3), we get

:=ax+(*fl——?)y+c

Q)

(3

-.(1)

Answer



- 2. -
b) Solve the linear partial differential equation o’ 2=, it =32y

Solution: The given Partial differential equation is
2, -
62:+2 0°z +32.. _Sr+2y

= o
ax?  oxdy oyl m
0 o
SLI SE, DE—, D';__
ppo P. o
From(l)s we have (D2+ZDD'+Drz):=e3_x+2y
The AE. is,
m2 +2m+1=0 > m=-1, -1
The C.F. 1s, C.F.=dy(y=x)+x¢5(y=x)
Pl = 1 QX +2Y _ 1 Jx2y _ 3X+2y
DZ +2DD'+ Dlz (3)2 +2(3)(2)+(2)2 _25

The Complete solution is,

3x+2y
25

Answer

z=dy(y=x)+xs(y=x)+Z




6. a) Show that the following function = %log(x2 + yz) is harmonic and find its harmonic conjugate
functions .
Solution: Given: u = %Iog (xz + yz)

Partially differentiate w.r.7., x and y successively, we get

du | [ 2y ] x (x +y )(1)—x(2x) ¥y —x? )
~ 2l 2.2 .. z 2 = 2 -
x 2| x"+) J X +_1 ox xz+y) J‘2_‘_},2)
- - 2
and 2__2y |__ ¥ &6u (x +y )(l) y(2y) X2 - y? @)
Sl 2 2T 2.2 2 2 -
oy [ x"+)y" | x"+y oy (x2+y) (x+y)
Adding (1) and (2), we get
u o%u
PP =0
u is harmonic function. http://www.rgpvonline.com
To find conjugate of v:
v
Since dv= dx + y
" (c*-r] ) ( ]d’
—», dv= (_2‘_‘.) dx...(?ﬁ) dy [CR equation]

Integrating on both sides we get

T e L (@

Keeping y const. independent of x.

= v=-— I [ 2y }dx+(Notermﬁ'eeﬁ'omx)+c
Keeping y const. x +}’2
()
= v=-=tan |—|+cC
y

Thus, |v=- tan™" (i] +c Answer
y




b) Determine the analytic function, whose real part is e (xcos2y—ysin2y).

Solution: Given the real part function is u = (xcos2y—ysin2y) (1)
Partially differentiating w.r.t. x and y, we get From (1), we have

%:-z e?*(cos2y-0)+2¢>* (xcos2y-ysin2y)=e*cos2y

- =X (cos2y+2xcos2y-2ysin2y)=¢;(x, y)
= $(50)=¥ (1+2:)
ou

and 3=ez’(-2xsin2y—2y0032y—sin2y)=—e2" (2xsin2y+2ycos2y +sin2y) = 4, (x, )
= $3(z,0)=-€* (0+0+0)=0

By Milne’s Thomson method, we have

S@)=[#(z, 0 d=i [4,(, O e

3- 5.
= [ =) d==0+c= Y A Y
= [ (1+22) d=-0+c (1+2-){ 2] 2[ y )+c
e2: 9s
=3 =—i—-(l+2:-l)+c=:e'+c
Thus, |f(z)=ze* +c Answer

This 1s required analytic function.



7. a) Evaluate the following integral using Cauchy-Integral formula I ( 4-3 d=, where C is the
cz(z

“)(z-2)

circle |:|=}-
2
4-3:z
d=-
z(z=1)(z-2)
The pole of integrand is given by,
(z-1)(z-2)=0 >:==0,1, 2

Solution: Given I = I
c

Now, z=0 = |s|=]0]=0 <-;- [Lies within C]

=1 |_-|=|1|=1<% [Lies within C]

and :=2 > []|=[2|=2 >% [Out Side of C]

By Cauchy integral formula,
4-3z 4-3z
-3z z=1)(z-2 z(z-2
[ 4-3: d::j( )( )“'”I (=-2)
cz(z-1)(z-2) ¢ z c; z-1
[ 4-3: ] 4-3z
= =27 + 271
_(:.'—l)(.':-Z)_:=0 [:(:—2)]__=
[ 4-0 | 4-3
=21 2ni
= "-ne-2) ] “'[1.(1-2)]
= =4ni-2ni = 2ni
4-3-
Thus, d-=2mni Answer
jc:(:—l)(:-2)




-

b) Evaluate I - for the circle |-|=1
0 2+cosH
2
Solution: Given, [ = "__do
0 2+cosO

let -=¢'® = d=-=ie'®d0 ie.. d0=%

iz

&0 4@ 24

and C(E9= =
2 2z
Now, from (1),
&
1=J‘ iz
c .2
2+[- +l]
=1 =Z_ #,wherecisH:l
19¢z° +4z+1
1
Suppose /(=)= 1
Taking 2+4z41=0
. -=‘4i‘ﬁ6‘4='412‘/§=_2i5
) 2 2
Say z==2+3=a and z=-2+3=P

(1)

2)

Now, z=-2++3 > EE |-2 + J§| <1 [Lies within the circle C]

and z=-2-8 > |:|=}-2-J§|>1 [Outside the circle C]

Cleary pole z=-2+ 3 = a within the circle | z|=1 with order 1, then the Residues is

[Res f(2))._, = Jim [(z=a) f(=)] http://www.rgpvonline.com

= = lim |(z—-a) 5 l
z=al = +4z-+1
N 1
= = lim =
:»a_(:—B) (l—ﬁ
1
: —_—

1
:—«)al:(~ @) (:—a)(:-B)]



By Cauchy Residues theorem

IC f(2) dz = 2mi [Sum of Residues of poles which lie within C]

]=

_m

o ——£—-— =2mi [-—I—-
cz? 44z +1 23
Putting in equation (2), we get
("2 =3[.1"_'.)
0 2+cos® il4f3
Thus, I n__do = -ZE
0 2+cos0 JB_

B

i

B3

Answer



8.a) If F= 3xy;-y2}, evaluate IC? dr , where C is the arc of the parabola y =2¥ from (0, 0) to (1, 2).
Solution: Given / = ICF dr

and y = 2x? then dy = 4x dx

Suppose r=xi+yj

= dr=dxi+dyj

- dr=dsi+4xdxj=(i+4x])dx (1)

Now, Fdr =[3x(2x2 )?-4x4}](?+4x})dx

= = (6,\'3 —l6x5)dx ['.'y= 2x* = y* =4x* ]

F d;=j(;[6x3—16x5]dx

3 8 7
f— = e - e —
2 3 6
- - 7
Thus, IFdr:-— Answer
C 6




b) Evaluate H Ands , where 4= (x+ yz) ;-Zx}+ 2)z k and S is the surface of the plane
L

2x +y + 2z =6 in the first octant.
Solution: Given the function is,

A=(x+ yZ) ;—2x}+2y.': k

Let ¢(x,y,z)=2x+y+22-6
Now, gard$¢=Vé

0 G,
= L+ 7L + kL |(2x+y+22-6)=2i+j+2k
(12 + 32 + B2 Jaxeyezze)-die]
The unit vector normal to the given surface is

_ gard} 2:+_1+2k 21+_]+2k 21+_1+2k

|g"’d¢| 2i+ j +2K| S Javi+d 3
and Z,;:[(x...y ) "2Xj+2y' k][2'+'13+2k)
_.l_. 2 _ __2_ 2
= —3(2x+2y 2x+4y:)_ 3(y +2y:)

Let R is the projection on yz-plane of given plane 2x +y + 2z =6, then

H Ands= ‘[_[RlA,:ldyd: http://www.rgpvonline.com. (1)

Now, ni= M (;)=—2- and Os:s6_y, 0<y<é6
3 73 2

'

. 6 5 3(}’2+Z’.}-::)
flia= (o Ty
3
.,
- ()
6—y ) v 2
- e T et e
6(6- 6- 6(6-y) [6
> L5l 5o (b5
_L¢s WP | ot 50
= =15 (36r-» )avy_Z 36 2~ |-2-
i 1 1
> =2[18(36-0)-3(1296-0)]=Z[648-324]=81

Thus j 823 ds =81 Answer




