UNIT -3

Unit-03/Lecture-01

Difference operators

Let x, x, x, ... x,_ be the values of independent data which have been collected at
equal or unequal interval and vy, v,, v,... v be the values of dependent variables for
corresponding values of x .

In case x, are at regular interval /i then we handle the data with finite difference oper-
ators A (called the forward operator), ¥V (called the backward operator), & (called the
central operator), £ (called the shift operator) and i ( called the averaging operator).

These operators are defined as follows:

1. Ay, = ¥, — ¥y Ay, =wv _,—Vy.etc.
Vy, =y, — Fags Vy, = ¥ — Vs €IC. (2.1)

Ey, = ». E vy, = ¥, .5 ctcC.
4 5[f{t}]=f[l'+—]—f-[‘l'—£) or 6 f(x)=| E
' j AT 2 S VR cia

LR RS P R | I

—FE 2 ]_I'(.r) or

o |

[Ei +E_; ]f(x) or ﬂ:%[E;+E_; ]
The second-order operators are as follows:
1. A%y, =A(Ay, )=A(y, — 1, ) =54, —Ay,
==} (=) =2 —2¥+¥
2. WiV, )= W =00 ) = Wl = Wiy S 0 =0 ) Pisd S0z
= v, — 2yn_1 + 3 (2.2)
3. E%, =EEy)=Ey =y,

= ;,J=5y -5y
x—z- x+3

x+8 x4

4, 52yx=5 » h
2

T ) B O e N S e S

2.4 RELATIONSHIP BETWEEN THE OPERATORS

All the operators, A, V, &, it and D can be expressed in terms of E and the relations
are taken as standard results. These relations are of great use in the development of
theory of finite difference and solving problems.

1. Vinterms of E
‘ﬁ-v T -L.-n'l—l i yjr

(7]

= E:"L:” = 'VJI'
=E-1Dy,
SJA=E—-1 or E=14A (2.3
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2. Vintermsof E
v-v.'l—l :—}’,Jl'i—] _~!-Ir' = l-Ir1—| - E_- l‘!-Ir.'—| — {l - E_I}J:J.'+I
~V=1-E" or E=(1-V)"
3. dintermsof E
By definition dy =y .. —v .

=E"y, —E"y =(E'"»—-E'?)y,

s O= EYI_ B2
4. uinterms of E
1 . g 1 J 1 1
-uy?'_z y.i"‘f"h yr_h — e Ez_]f'r"'-E 2},? i E2+E 2 ¥y
L 2 2 2

i & -1

su=—|E*+E *

u=3 |

I’ in terms of E s
. 5 S .
Ef{ixy= f{x+h)= f(x)+hf(x)+ ;.f (x)+ ... (by Taylor's series)

|

5.

-

1+ AD + %D +. A-]_f'l.’x) (" (x)= Df(x))

hZ
.. E=]+hD+;D2+...
:e.n'r.r_:
1 1 —1 1
or D=E]¢gE=E]ng{l—v) =Elng(]+,ﬁ]

2.4.1 Some Interrelationships in Operators

E=1+Aalso £= (1 — V)
L l+A=(1=-V)'or(1+A)(1-—V)=1

1.

orl — AV +A—-—V =1
orAV =A-V

_ (E—1)

Also AV =(E— 1) (1l —E") E

=E—2+E
_ {E":—E 1.-2}1:62
AV=A-V =582

(2.4)

(2.5)

(2.6)

(2.7)
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1 1 1 AT A

2. D==log E=—log(l+A) =—|A-"—p " .
5 A oBlEA) h[ 2" 3 ]
1 1 a1 v oy

3. D==logE=—log(l-V) =—|V+—+—— ..
g lesEsglo(=Y] =5 2 '3

4. SEV =(E -E)EV =E-1=A
] /2 2 142 Lz 1 1
5. us=_(EV+E)(EV -k ):E[E—E]
— —a—wvyy=1
- 5((1+.ﬁ) (1-V)) 2(A+V)

~ w2 - Wz -2
6_,u-£=‘5 + E _E E R
2 2 2

L V=1—E'=1—¢"

e =l

1.,
CA=ud+—06°
M

2

- 1 ! —~1/2 ¢ 12 1 =12
RHS is E(E"2+E : ](5‘2—£ ! ]+5(E'2—E : ]

- %(E—E"‘}+%[E+E" -2)

=FE— 1
= A (LHS)
9. a.+\?’=éfE
vV A
AT -2 A+VI)I(A-V
. _( ) )
VA AV

By (1) We have A — V = AV
LA+ 'V =LHS

10. § =A(1+A) "7
RHS (E-1D)E'*=E'""-E " =6

Example 2.4 Prove that .’_'i.ln:r,z.;.,f'[.wrzl=ii.'n,'-;[I+J!‘|"LH'ﬂ ]

Slx)
Solution

LHS = Alog f(x)=log fix+h)—log f(x)
=]{]g[-"‘:"—”’}] - Iug{ /(x) *’-f"i-"+F=}—.f'{.r}}
fix)

Jix)
= log w = log ]+ﬁ Proved.
fix) fix)
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Example 2.5 Evaluate A’ [l ]
x

Solution

Y 1y 1 1 —h
x x+h x {(x+x

2 x
e af_=h Yo D* 12k
x [x+ H)x (x+2h0x+ ) x

g T (-1 30
x o x4+ o+ 2h)

A" l (=D mti"
” x e+ Ao+ 20) . (x+nk)

(—1)" n!
ax+Ix+2) . (x+m

|
Incase i=1 A" —J
x

Example 2.10 Find A{x" &),
Solution
By Eq. (2.8)

B )= (o Lo — T [ Y ]

= I:_1'+Ir';|: (e =1) e™ +e™ (07 + 2xh) .

Example 2.11 Find a| % |.
log x

Solution
By Eq. (2.9)

2 {E"’i'd" — E""} log x —{Iog{.r +h)— log x}xe‘“'
[ ]_ log(x+ h)logx

{E"l' - I:| e log x — Iug[ 1+ ]u'“*
x

log{ x+ fe] log x

x° = Fx 1

3x+ 3x+
Example 2.13 Ewvaluate (a) A & , and (b} = ,r—w :
x° 4+ 3x+1 E{ x

Solution

(a} Calculate by Eq. (2.9)

A E—1 3 10
by S==10 = =) 22
E E X +3x+1
e+ 10 Hx—D+10 3x+10 Ix+ 7T
¥ 3x+1 (x—DP+3x—D+1 x*+3x+1 x*+x—1
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Al
£

Example 2.14 Find —(e™.x), h=1
Solution
(E-1)

A T(e:“.r} =(E-2+E")(e" x)

= " x4 n-2e® x4+ MNx-1)

c:*{a!t_r+ 1}—2_1'+r_":(_1'—i}}
AT
Example 2.15 Find — (cos(x +a)}
I

Solution
(1-2E'+ E7 )cos(x +a)

=cos(x+a)—2cos{x— A+ a)+cos(x—2h+a)

FACTORIAL POLYNOMIAL AND ITS USES
IN FINITE DIFFERENCE

The expression x (x — &) (x — 2k}, . (x — (n— 1)) is called a factorial polynomial of
degree n and is denoted by x'*",

1
xlx=h).x—=(n—1})
is denoted by ',

The expression is called reciprocal factorial polynomial and

An ordinary polynomial may be changed to factorial polynomial by synthetic division and
the resulting polynomial may be used for finding any difference of the polynomial easily.

Synthetic Division and Factorial Polynomial
from Ordinary Polynomial

Let a,x*+ ﬂl.'\‘.’1 +ﬂ_..r’ + &, be the ordinary polynomial and & be interval,

1. Write the coefficients in descending powers of x. Take zero for missing term,

i @ a 0 a,

(] I 2

]

Multiply a, by zero and place it below a , add the result and multiply the sum by
zero and place it below o, and complete the line.

0 a, a, a, 0 b
0 0 0
a, a, a, i} la " ]

a is the last coefficient of factorial polynomial

3. Repeat the process by fr

.| a, a a, 0 [e, ]
ahi & i ch
a, by o 1,1

d, is the coefficient of x''!

4, Repeat the process with 2/ and 34, respectively

prd i | a, b, c; Id ]
a2h o h
a€, () [EEN |
3 a, o, I4.1
3dia,
la,] le,]

The factorial polynomial is

a e + I+ d M a,

we dont take any liability for the notes correctness.
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Example 2,16 Find the factorial polynomial of the ordinary polynomial 42 — 3¢ — x+ 5

when i = 1.

Solution
0.1 L -3 1] -1 5

4] ] ] Y]

| 4 -3 ] -1 151
4 1 1

2l 4 1 1 1o
8 18

4 o [19]
3. 12
141 121]

The factorial polynomial of the given polvnomaal is
44 21 ¥4+ 19 x4+ Qx4 5
The meaning is that the given ordinary polynomial may be written as

drfx— D {x =2 {x =3+ 2l xix= =21+ 19 x{x=1)+5

Example 2.17 Find the factorial polynomial of the polynomial for i = 2

2t — x4+ 2t + 3w+ 1.

Solution
0 2 -1 0 2 3 1
0 0 0 0 1]
h=2 2 —1 0 2 3 1]
4 6 12 28
2h=4 2 3 6 14 31]
B 44 200
Ah=06 2 11 50 [214]
12 138
dfy = § 2 23 [188]
16
121 [39]

The factorial polynomaial is
2 4 39 + IBRBx'? + 214x + 31z 4+ 1

S.NO RGPV QUESTIONS Year Marks
Q1 Prove that A2 | Ee* RGPV,JUNE 2014 2
e’ =| — le’.——
FE AZe™
Q.2 Provethat (I) . A2 | Ee* RGPV,JUNE 2011 7
e = —|e .——
E Ae”

m e =1+A

Q.3 Prove with the usual notations that RGPV,DEC 2010 7
1 —1 1

NE2Z+E2H)YA+A)2 =2+A

() Express y =3x> + x> + x + 1in factorial function and hence

show that Ay =18
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Interpolation(Newton forward)

Consider the points x;, x; + h, x; + 2h, . . ., and recall that
Efy = fiy1 = fix; + k), Eﬂﬁ:=_il‘:r+9=f{.¥j+ﬂﬁ]’

where #is any real number. Formally, one has (since $ince & = E = 1)

Flxi+om=Ef,
=144
= [1 +8A+ eq: Dar 8- ';fﬁ m 8 . :] ¥

B

which is Newton's forward difference formula. The linear and quadratic (forward) interpolation
formulae correspond to first and second order truncation, respectively. If we truncate at n-th
order, we obtain

Flx; +oh) = [1+m+9‘32? ”M+...+E{e'””;fﬁ'" +1:I.ﬁ“:|_f_}

AT A =0, k=12

(Rl U

which is the case if fis a polynomial of degree n.

example :- consider the difference table of f(x) = sin x for x = 0°( 10°)50°:

Dot [ famsin ] & al  a) a* af
I o '
i 17136
) 0.1736 l -52
1684 -52
w| 030 ] —1D4 s
| | 1580 —45 n
| % | 0.5000 ~152 :
1428 —a4
| 06428 -196
1232
l %0 | 0.7660

Since the fourth order differences are constant, we conclude that a quartic approximation is
appropriate. (The third-order differences are not quite constant within expected round-offs, and
we anticipate that a cubic approximation is not quite good enough.) In order to determine sin 5°
from the table, we use Newton's forward difference formula (to fourth order); thus, taking x; = 0,

we dont take any liability for the notes correctness. http://www.rgpvonline.com
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we find = 5_170'9 = 1 (h = 10) and
sin5® % sin0° + $(0.1736) + §4 (— 4} (-0.0052) + }4 (— 1) (-7) (—0.0052)
+ &} (-9 (-1 {~4) w0004
= 0 + 0.0868 + 0.0006(5) — 0.0003(3) — 0.0000(2)
= 0.0871 {compare with the actual value 0.0872 to 40)

MISSING TERM METHOD:-

Example 2.20 Find the missing term

X | 2 3 4 5
¥ -1 3 - 53 111
Solution

First Method
The number of data in v is 4. So v will fit a third degree polynomial in x.

wAly =0 or (E- !}J V=0
or(E* —4E* +6E* —4E+1)y, =0
or v, =4y, oy, -4y, + 3, =0 (2.10)
From the table, we see thaty, =Ly =3, p=" 1, =53,y =111
Putting these values in Eq. (2. 1), we get

111 -4x53+6p,—d4x3-1=0
ory, =19

This result is correct because the data satisfy the eubic fix)=x*— 3x+ | and f{3) = 19.

This method gives correct result and labor is much less.

Second Method

The other way of handling the problem 1s to make the difference table

x y Ay Aly Ay Ay
1 -1
4
2 3 v,— 7
v-3 633y,
3 1 56-2y, 6v~114
534 3y.-51
i} 53 54y,
58
5 111
]

Since we have only four values of v, the data A'y, =10,
e, by, = 114=0 or » =19

We conclude that First method is better and has less work,

we dont take any liability for the notes correctness.
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5

¥

Solution

ory,— 4y, + 6y, — 4y, +y,=0

Example 2.21 Find the missing data.

10

210

The number of data in v 15 4, s0 the data will it a cubic polvnomial, then

1. A%, =0and2. -'_"nl_l'l =) (for two missing data take two equations).
First equation gives (£ = 1)y =0

ory,—4x 17+ 6r, —dx 10+ 6=0, giving ¥, +6y, =102 (i)
The second equation Ay, = 0 gives
(E=1¥y,=0 or y.—dp,+oy, -4, +y=0
Putting the values of v from the table, we get
M-y, +6x 174y, + 10=0
or 4y, + 4y, = 143 (i)
Now solving (i) and (ii), we get v, = 13.25 and y, = 22.50.
S.NO RGPV QUESTIONS Year Marks
Q.1 Derive Newton’s forward interpolation formula. JUNE 2014
Q.2 Define interpolation and write the Newton’s Forward and | DEC 2014
Backward interpolation formula.
Q.3 Find f(9) from the following table: JUNE 2011
X 5 7 11 13 17
F(x) 150 392 1452 2366 5202
Q.4 Find the number of mem getting wages between Rs. 10 and | RGPV DEC
Rs. 15 from the following data: 2013, JUNE
Wages in | 0-10 10-20 20-30 30-40 2010
(Rs.)
Frequency | 9 30 35 42

we dont take any liability for the notes correctness.
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Backward formula

1. Newton's backward difference formula

Formally, one has (since V=1-E7"

which is Newton's backward difference formula. The linear and quadratic (backward)
interpolation formulae correspond to truncation at first and second order, respectively. The
approximation based on the f;.,,, fin+15 - - -, fi-1, f; 18

,ru,+mu[1+ev+9{ET”?‘+---+9E+ r.n---«muuh1].1'?,‘]!:r

nf

Newton-Gregory Backward Difference Interpolation polynomial:

If the data size is big then the divided difference table will be too long. Suppose the desired

. . () . NCENG)

intermediate value  at which one needs to estimate the function falls towards the end or say
in the second half of the data set then it may be better to start the estimation process from the last data 1
set point. For this we need to use backward-differences and backward difference table.

Let us first define backward differences and generate backward difference table, say for the data set

(zi,f),5=0,1,2,3,4. 1
) . V. )
First order backward difference 1s defined as:
Vf i= f i— f i—1
2 -
Second order backward difference is defined as:
V=V —-Vfia (11.2)

In general, the #*order backward difference is defined as

VA= VR R — VR (11.3)

. . . ‘rﬂ .
In this case the reference pointis — and therefore we can derive the Newton-Gregory backward
difference interpolation polynomial as:

+1)_, +1).(s+n—-1)__
5(52! )V A +s(s )TE: n )V I (12)

‘H:(Sj: fot+ sV +

I— T,
s=t”
Where
. P(s) . . Egm(l2), . o , :
For constructing as given in it will be easier if we first generate backward-difference table.
irJi)s I:0,l:2:3:4. .
The backward difference table for the data SR is given below:

we dont take any liability for the notes correctness. http://www.rgpvonline.com
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X f v Vi Ve v
0 Xo fo ~_
v f4 ~ 2
1 X1 — f . v fz\
T~ - V3f3

sz S~ 2 — A

2 x f, — vf v
: 2 Vfg/ 3\ 3 /
f — ™~ ) Vv f4
3 X3 35‘“‘&.‘ f4/ V fq,
_—
4 X4 fa
: . : f12) :
Example: Given the following data estimate using Newton-Gregory backward difference
interpolation polynomial:
L ‘0 1 ‘2 ‘3 ‘ 45
Ji 12|48 |16 |32
Solution:
Here
r, =5 =412, R=1
B z—:n_4.12—5__
=—5 = T = —0.88
: : - Bs(z)
. .Newton Backward Difference polynomial is given by
P(s) = fob oV st L gy o Lt WD gay  lor Dot Aot gup
s(s+1)(s+2)(s+3)(s+4) Vi,

51

we dont take any liability for the notes correctness.
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Let us first generate backward difference table:

—0.88)(—0.88 4 1
R,),-f_—D.SS):32+(—D.88)16+( ) + g 4

i fooovE vt v vE OV
0 0_1\
1 1—2/1\”I
. 2/ 1~

2 2—a— 27 I~
3 3— 8- P 4 \2
p o415 BN =47

— 1

(—0.88)(—0.88 + 1)(—0.88 4 2)

2

| (=0.88)(—0.88 + 1)(—0.88 + 2)(—0.88 + 3)

6

) +(=0.88)(~0.88 + 1)(—0.88 +2)(—~0.88 + 3)(~0.88 +4)

(4)

' 24 (2) 120

32 — 14.08 — 0.4224 — 0.07885 — 0.0209 — 0.0065

17.92 — 0.4229 — 0.7885 — 0.0209 — 0.0065

17.4976 — 0.07885 — 0.0209 — 0.0065
= 17.41875 — 0.0209 — 0.0065

=17.39135 (13.5)
S.NO RGPV QUESTIONS Year Marks
Q.1 Define interpolation and write the Newton’s Forward and | RGPV DEC | 2
Backward interpolation formula. 2014

we dont take any liability for the notes correctness.
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Central interpolation formula

Y ?STIRLTLNLW ?DRMULﬂ C CentrAL ®1PPERENCE )

s {omola 15 appied for interpolation near the middic
valve of the dable -

Yo - jo*PHSjo‘f? 81y, + PCP=1) 1) NEST

g PR gy 4 PLPR L) (_‘P" 2D syt

o 51
|

v s §* IS S
Y
g S‘J-s,r,_
-1 5 él‘j_‘ 6‘5

-~ \I-l[:_ - ‘j u
3b< :> é?_ \Jo< " § Yo

~S | NS
Y, Yua N S Y

8j5 Y,

32_ h—

néy, = £ (*‘5‘1-5 *«S‘in;)

A (653-11-*:53‘511}
From the (entra) 4able , we have
JJ-LQ Yo ¥ o) = Ji("s\’lh.* 63""1'3 = Pé\i"a

Loy 40y - L (8390 t83y.,) = pédy, ok,
1 CP= 1) gM
= Y 2 Yo H PPNt TSRy, ?———C‘; 20 Byt @-——-—-—- S™e

PPt *)S:.?‘ RIS

Note ! This {urmulu‘ inuoles  evenr d'\rpofr\tes anrd mean DF odd dim-*qm.

we dont take any liability for the notes correctness.
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ExAPLE . Use shinting's fomdla b eumluake 01323, given *

% 1-0 [\ L-1 1.3
ch) B-ued | B8l F-129 | a.us|

CR PN, Bhbpﬂd MW Semn Jone 2001)
Sorvtion - Diffevence table s

l x ? vafw $foecy §*fexd &3 fexd
1- 0 _ -')_ ‘ g:Uo? -
©-318
t- - g 18l -0:030
| - b 348 0-ooY
1 o | 9 -1ag — \ ¢
\ /-o-oz_
O-32%
1-3 \ q-ys|
0.-’# lﬁh ad \'l)_ Q= -2 R h:o-l

=2 124 p (') =120

‘ => P30
Bj S'\:'c-clincj (‘o‘cﬂ\\)\ﬁ,

Pr g2 Pee™ )
Yp 7 Y, * PRIy ¥ % $, L M8y

(-6026)

Lo-%\«BJfb-an_) " Co 13-
Mg ? 4.129 x6-L — Y

2 9129 402 (5:33S) + 6°02C-602¢)

> 9129 4+ b'b616- 600652 = - 1294 06-0bgy g

= 94.14548

we dont take any liability for the notes correctness. http://www.rgpvonline.com
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ExamPLe . Employ Shixling formula ko tompute sy Prow the
Followtng  4able. (=1 =+ log, sinx))

'K—O Lo L 1 2. [ "~
105y, | 233671 2Boko| 31788 | 35200 | 3838
P, Bho pal , 1\ Sem  Dec 2005)

Serutions - The dn'mvcnc.c, table Ts .

e 1 Vo5 Yy Sy Sty §3v Sy
lo M B 2393677
Liea 3
L | v . 2ABO6S  —26S
L-3728 “a
2 Ve 31788 B S 2a
NET N ~{ a2 —
13 ™, 35200 —auy
3169
'Y N, 58369 . t
a~xph = 1a- 2, Q=12 ch=1
Np=2 Yo+ phn => 12-2 = 127 plU)d = P = 622

"’J‘j 5-\-nh'n3 Pm—mu\q .

PLPD pS3y, + PP SUy
31 o

2
Vo= Yot PRSYe t Too2yo o
3128 +34I12 Lo+
\05\/0'2 2 3118 8B+ o-2 C_%——J + ,0_3__} C-316D> +

Lo 2 o221 Lq‘j-t‘n-_) L oD Ko-2¥—1 ] 23
31 > “ ]

= RAVTE’EB % (o-2DLBSTe) T Lo 0N CIIED — (606 32D (,(.bs),Lo.oo,ou

= B7BE 4 Y — €32 - [-936— 6-636B = B2UAZ.T672
Yo = © Z2UIB7072 T

S.NO RGPV QUESTIONS Year Marks
Q1 The following table gives the normal weights of babies | RGPV DEC 7

during the first 12 months of life 2014

Age in|O 2 5 8 10 12

months:

Weights 1 1 15 16 18 21

in lbs 74 IOA

Estimate the weight of the baby at the age of 7 months.
Q.2 What do you mean by interpolation? The following table gives | RGPV JUNE | 7
the amount of a chemical dissolved in water: 2013
Temperature | 10° | 15° | 20° |25° |30° | 35°

solubility 19.97 | 21.51 | 22.57 | 23.52 | 24.65 | 25.89

Using suitable interpolation estimate the amount dissolved at
22°.
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Lagrange’s formula

The La-grange's Interpolation Formula is given as,

(-i' - -ru](vi' - -Fl]m-(-i‘ ~ Zp-1)

- (z - 2,)(z - 20)...(z — 2,) i (z - o)(z — 22)...(T — Toy)

using Lagrange's interpolation formula (Analytic value is 1.831)

(x- xp) (X- X2)(X- X3)(X - X4)

=1.831

Question 2: Find the value of y at x = 0 given some set of values (-2. 5), (1, 7}, (3. 11). (7, 34)7
Solution:

The known values are,

x=0;x=-2;x=1;%=3;x=7T;ya=5;y1=7;y2=11;y:=34

Using the interpolation formula,
(0—1)(0—3)(0—7)

(04+2)(0-3)(0-7) _ (0+2)(0-1)(0-7) |

y= U Yt t Y
(70— -ﬁ)(-’ru = Tg)...(Tg — 1) ] (-‘rl —-rn)(?"l = Ty)...T) — T,) (irn - J'u)(-'rn —-r|)~-~(-“'w —Iyy) !
Example : Compute f(0.3) for the data
x 0 1 3 4 7
f 1 3 49 129 813

(x- Xp)(X - Xp) (X - Xp)(X - X3)

f(x) = for ...+ f,
(X0 = X1) (Xo = X2)(Xo = X3)(Xo - X4) (X4 - X0)(X4 - X1)(X4 - X2)(X4 - X3)
(0.3-1)(0.3 - 3)(0.3-4)(0.3-7) (0.3 - 0)(0.3 - 3)(0.3-4)0.3-7)
= 1+ 3+
(-1 -3)(-d)(-7) 1 x (-2)(-3)(-6)
(0.3-0)(0.3-1)(0.3-4)0.3-7) (0.3-0)(0.3-1)(0.3-3)0.3-7)
49 + 129 +
3x2x(-1)(-4) 4x3x1(-3)
(0.3-0)(0.3-1)(0.3-3)0.3-4)
813

Tx6x4x3

(0+2)(0-1)(0-3)

T 1+2)(1-3)1-7)
(2)(=3)(-7) _
(3)(—2)(—6)
4 6

Ty (23 (27
_ eI |
AR
21

T312)(E-1D(E-T1)
2)(-1)(=7) _ (2(D)(@3) .
(5)(2)(—4) (9)(6)(4)

b+ 7+ 1+

y=—135*5+g—*]'+ 40 "1+ 375 34
4l 49 77 51

Y5976 Y20 T

_ 1087

¥~ 7180

712 (7-1)(T-3)
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3. Find £(2) for the data £f(0) = 1, f(1) = 3 and £(3) = 55.

B-03-1)3-49)3-53-6)
15+
2-02-1D)2-42-52-6)

B-03-1)3-2)(3-4)(3-6)
6+
B-005-D(5-2)(5-4(5-6)

f(3)=10

X 0 1 3
f 1 3 55
Solution :
(x-x1) (X-X2) (x - Xp)(X - X1)
f(x) = fotr...+ f,
(x0 - X1) (X9 - X2) (x2 - X0)(X2 - X)
2-D2-3) 2-0(2-3) 2-02-1
f(2) = 1+ 3+ 55
0-1)(0-3) 1-0a-3) 3-03-1)
f(2)=21
4. Find £(3) for
x 0 1 2 4 5 6
f 1 14 15 5 6 19
GB-1D)3-2)3-4)3-53-6) B-003-2)3-43-5)(3-6)
£(3) = 1+ 14+
0-1)(0-2)0-4)(0-5)0-6) 1-001-2)1-49H1-51-6)

B-03-DB-2)3-53-6)
5+
“4-04-1)4-2)4-54-6)

3-003-1)3-2)3-493-5)
19
6-0)6-1)6-2)(6-4)(6-5)
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5. Find £(0.25) for

X 0.1 0.2 0.3 0.4 0.5
f 9.9833 4.9667 3.2836 2.4339 1.9177

By Lagrange's formula :

(0.25) =
(.25 -.2)(.25 - .3)(.25 - 4)(.25- .5) (.25 -.1)(.25 - .3)(.25 - 4)(.25- .5)
9.9833+ 4.9667 +
(1-.2)(1-3)(1-4(1-.5) (2-1)(2-3)(2-4(2-.5)
(.25 - .1)(.25 - .2)(.25 - 4)(.25 - .5) (.25 - .1)(.25 - .2)(.25 - .3)(.25 - .5)
3.2836+ 2.4339 +
(3-.1)(3-.2)(.3-.4)(3-.5) (4-.1)(4-.2)(4-.3)(4-.5)

(.25 -.1)(.25-.2)(.25-.3)(.25- 4)

1.9177
(5-1)(5-2)(.5-3)(5-49
£(0.25) = 3.912
S.NO RGPV QUESTIONS Year Marks
Q1 Find the cubic polynomial ehich takes the following | RGPV DEC 2
values: 2014
X 0 1 2 3
F(x) 1 2 1 10

Estimate the weight of the baby at the age of 7 months.
Q.2 Apply Lagrange’s formula to find f(15), if : RGPV DEC 2010 | 7
X 10 12 14 16 18 20

F(x) 2420 1942 1497 1109 790 540
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Divided difference formula

Newton Divided Difference Table:

It may also be noted for calculating the higher order divided differences we have used lower order divided

differences. In fact starting from the given zeroth order differences . ;2T O™ one can

systematically arrive at any of higher order divided differences. For clarity the entire calculation may be
depicted in the form of a table called

Newton Divided Difference Table.

fx] First order Second order Third order Fourth order Fifth order
. differences differences differences differences differences

0 x flxol oy Xl N fixoxaxal

~
1% fixd 7 v N\ ot DR
1
= %o, %9, %2, %3,%4,Xs]
2 / Tl \ f[%1,%2,Xs] / / ' ‘ :
Xz fxa] “\_ - \
f[x2,x3] . 1%z X, %] X1, %2, X3, %4, Xs]
3 x fix] Xz X
~— / 2. X3, %] /
fxs,Xq] Y
4 x fix] N A
f[Xa,%4,Xs)
5 X5 f[xs] - f[x4:x5] /

Again suppose that we are given the data set (o fl i =0.....5and that we are interested in finding the 5%
order Newton Divided Difference interpolynomial. Let us first construct the Newton Divided Difference
Table. Wherein one can clearly see how the lower order differences are used in calculating the higher
order Divided Differences:

Example: Construct the Newton Divided Difference Table for generating Newton interpolation
polynomial with the following data set:

IR A ENEY

- HH\
1D

Here . One can fit a fourth order Newton Divided Difference interpolation polynomial to the given
data. Let us generate Newton Divided Difference Table; as requested.

Solution:
n=>5

we dont take any liability for the notes correctness. http://www.rgpvonline.com
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iox fix] 1% order 2™ order 3™ order 4" order
differences  differences differences  differences
0 0 0.
1-0 -1
T N e N
1 1 1 /2-0 N 6-3
N 8-1 =7 -0 N
s o g-— 277 197 / Ll
/—3_1:6\ /4-0
— 27-8=19 9-? =1
27~ 3-2 4-
3 3 \37-19=9
\ 64-27:37/ 4.2
4 4 64— 4-3

Note: One may note that the given data corresponds to the cubic polynomial * o fit such a data 37®
order polynomial is adequate. From the Newton Divided Difference table we notice that the fourth order
difference is zero. Further the divided differences in the table can be directly used for constructing the
Newton Divided Difference interpolation polynomial that would fit the data.

Exercise: Using Newton divided difference interpolation polynomial , construct polynomials of
degree two and three for the following data:

(1) f(8.1) = 16.94410, (8.3)=17.56492 , f{8.6) = 18.50515, f(8.7) = 18.82091.
Also approximate f{8.4).

(2) f(0.6) = -0.17694460, f(0.7) = 0.01375227 , f{0.8) = 0.22363362 , f{(1.0) = 0.65809197.

Also approximate £{0.9).
S.NO RGPV QUESTIONS Year Marks
Q.1 | Apply Newton’s divided difference formula to find | RGPV JUNE 2014, 7
the value of f(9) from the following table: DEC 2013, JUNE
X 5 7 11 13 17 2010
F(x) 150 | 392 1452 | 2368 | 5202
Q.2 Using Newton’s divided difference formula to find | RGPV DEC 2010 7
the value of f(9) from the following table:
X 3 5 11 27 34
F(x) -13 23 899 17315 | 35606
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Numerical differentiation

~

!\/umemu\t, DI CrEeReNTIA TION

o
> ME\QTQN'S /}:‘bR\A)ﬂR_D DIPJF’ERENCE @RMULA lo ()16'[' TH&G

DeRIVATIVE -

By Newton's Fevward clu‘ﬂ’c:cna, indexpolotion Foxmola .
J P
ch) = pccx-\-ph) 2 Pca3+pAFCq3+'PLP—D Alf‘@g
21

+ P(_P—l)acip—g_.) A3 Leay + PLP-1D CP-23CR-3) NI

“
PCP-1> (P-2DCP-3) Cp-") A‘SFLQ)*..,. EH)
s
' X ~C

wheae p = "

'Dimcrmh‘qh‘m} () wrt kp, we 31,{‘
' 1p-1 o> oy « 27602 a2 (e
Fo(.)-. f'latphd )= Afcad by, -3

4 “p>-18p2422p-L Al P&) “ }'p‘* — Uop> -t 10Sp X 100 P ALY
‘ ul sy

TR

= Py = £'Casph) » JH-}:DPM)+%1A1P@3+3£1;2_U_LA3PM)

+ ‘1P5— 18 pa‘—l-Ll-p-C AY Fta) + SPH" L¢°Pb+ losp*-loop +LVA$6
Ui <

) ¢ PP 6 %
Aaq?n dl‘(\Pe,nnHaHrﬂ (2> wyt.p'we 3:,\;

£ Catpron= L [ 0 Fom rep -1 8% fay 4 2ET=2ER2 L‘i‘; p432 A" fead 4 2p3~ alp -
3 L

QS]DCCL')&-...:I

flexd= £ tatrpn) = ‘%—;[ﬂ: £y xcp-1> 03 feay 1&&2%&1‘ o4 fea)
l

+1p§—l)p"+’>—lp-|0 0S P+ J
[

, cees - €3
EQUATING (2D and (1) ave. the Powldt, b Prd oot Hne deviva tive,
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ExampLe . fed 4he fhst ant Secound derivatives sf® the furedfon foxd
ak the potnt x =11 ¢

X 1 -2 -y -6 -9 2-00
pcx_) 000 O 1280 6-S4Yo |-1960 -\l [("EN-1-7.
(R-treN . Bhopal 11l Sem, feb2olo
Sowi Tion |, '
' q
X Foo A ke a> A e
'O 0bO
01280
1= 0 12%0 0 1330
0 Ut6o o -o4Bo
1Y 6 sS4y - 6-3366 -1
‘70' 15LD _0.352_ S
1-6 |-2360 T ol b ”
o 1360 2 oM
1-g | 1-u320 2-432 o
oL S680
200 Y000
- 7
Hexe. a=\ h=o0.2,
Gtph = 'ty l+tple-2d=t-1, p:o-§

2

3 2
‘ 2p-l > 3p*~bp L pd Larc P 18P7422p ~C 4 0
Fleatpn) - —rL\ [AF:«)-(- A Fead+ _.E__G h F

24 ,
+ SP“-‘{opb-Ho‘Spa‘— leop +2Y p¥ P—@,)J
(o .
. - - 2"_ . ‘
e - &1 [b'l2~80+ 1:'—4_0'138@ 4 23D Z’“’ S+ (60480 )
L 4o 8> - 180 5% 220e 53~ (-1 & S o)1 oo xlosCo-80™
2y ﬁ (20 .
~lootosd4ay c;gj
95-342 (.. B S b L
- L [e-1280+0 + 05232 (¢ 048 24
ey A

. 6. B2S- 5426 25 — Sotd LSD;-}
2o
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\ L0280 - 6:002 -0:0Y4(T - 0-18u9 ]

—

= b‘)—
= S[-01066]1 = -0O-S030

Hence Pwst dexiva biv e oF the Fundfm F is - - So30
when L= - . |
‘ 2
Fearpny ~ 5 [6* e +§_P6_‘€.A5 Pead+ ‘R_i_:% 2" Fead
rpd-taptetp -lo 45 Lea)
T 2
6o )™ (Beo-s)+

Hea)d

' . 0'5—-' .

20652~ [2Co-$) 1 210 )16

L2
z 25[@-2530 - 05 Co0oUBo) - 3_3_ - ;%E 053‘]
> 25{ 6288 - 6-02u- 6. 2817 - 6-9375 |
= 25[-69652] -
> - M3

5]

S.NO RGPV QUESTIONS Year Marks
Q1 Find % at x=1.1 from the following table: RGPV JUNE 2014 /

X 1.0 1.2 1.4 1.6 1.8 2.0

y 0 0.128 | 0.544 | 1.296 | 2.432 | 4.000
Q2 Find 4y at x=1.5 from the following table: RGPV JUNE 2011 /

dx

X 1.5 20 |25 3.0 3.5 4.0
y 3.375|7.0 | 13.625 | 24.0 | 38.875 | 59.0
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=> Nomertcal Differencsation (Baconrs DifPeeences )
Newtbon's Fdrm&ia Fcr backeoard, ol;‘FP:rtnt.L ig

P(q £phd = p‘ﬂ-t P 7 fca) ¢ PCLTY VLPCAS—V P_giﬂ%_(_.g:}_)_ Vapcﬂ
> {

+ pCp+1d Cp+3D cpEdd <4 P@_S
4]

30352
= P4 pfeadt P——L); I fay + P___——_—PHF;;" v2fa)

+ Pl epdaitptabp. v""ocq)+... .
4/

Difpewnh'ah‘hj by vespect o p, e get
2

3pTrbpr o3
hf'latph) = VFCa)'(’—’:%l 7* fea) + —P——;':—L“ v F(“)

F'(ﬁph) > ;'\-[VPMH,JL?.[ <* ‘p(q)-\' aithé’fii"v3FcaJ

+ 2P5+3pl+\lp+5 4 F(a) ¥ ]
=

IF we wplace % by Xp and a by X, then we et
' - 3026t o3
p'(l) s p ()Cn -\-Ph) > %LVF(-;“S.‘. IE:L‘H QIF(In)_'._P,iaL < ‘F(ﬂ-n)'\'

2P3+3P1-\-“|J +3 V\!“uf\‘)‘t‘--
X

Agatn differentiatioy it wpect b p, o get
Ly
F la+ph) - ;’L;_[?:Fm}-i-(pﬂ) 7> fart ¢ ""‘BL"“ < 10(4)1----:'

Aaq?ﬁ e Po’c %p Fo\' *L anrd % FoY a, we tje{'

Froxp = £ "xpton) = 5. [v Peemy +¢p 11> T2 Poxny T%Iﬁf—ﬂ v ot

Sineloty, [ Catpny- L [0y + 2220 v“F(«:H....J
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EqupLg " [uiven dhat
b o 10 X -2 13 14 -5 -6

N 7-489 | 8-4od | 8.781 | F-123} 3-45(] 3-750 | lo-od|

find i—”— and E% ak Cida=ll @) x=16.
- * (-R'b'-("‘bﬁ'r\npql,ff_\_s(m,otc.loo?J

SbLuTIoNf The dfﬁ-‘mm bable s as onder

—
O A Y R A N L I A
l-o | 7-989

O MY -
I+ | 8403 - 6036
0.318 D'OOG
V-1 | 8781 - 0630 — 0002,
6348 L. 0 00l 0-obl
-3 1912y - 0026 . - ©-00/ b-60y
0 32 ©:003 o - %>
-\ 34 ~-6-013% +to-bor
©-239 o005
-s 9-7So -o'0l§
) o023 |
-6 lo03(

O=1-1, x=1-f, h=o-1
X= at+ph => 1t =1-1%pCo-1d = P20

d - 1 - A L 3 CUP3- 18P 22 - A
€4 O+ 3 e DAY+ L3procp+ad 1y 4 P*22p-6)p

A% M_Yop® !
_ x_
+ SPi-Mop>+ “:’;! IOOPH*\'QS\:S +
GpS— 7S P+ 3%op® — (ISPt SUBp - 120 abye.. 7
Gl -
On P\)H-imj the valve Of‘ P=0. inQD poe ?d-
el [A*j—i"ﬂ"‘f +aty- LAty vy oAty - f Ay ] @)

(Pw"H—\'r\ﬂ +hc UG\UCS QF h.- A\j ,‘Aljl Ast’l At‘\.d ” As:’ QY'ld. ﬂbgj in Clr_).q‘j(,{'
d -
. 5-’_; [0-378 +0-01C + 6°00(3+0 0003+ 006066

h;"—l (o332 = 3-9S2 Ans .
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.__... - LY 21p -1
= [n‘xdup |)a5\j+ Sp*. lspwr T ,29: p-10 45,
d’{, [

L 5o lSop +5lop*- L15p 427y ¢ g+ ]
360

20, 4N = L [ Wa- A%+l Aty -5 ASu s 131 n6 ‘
Lohen p O.Z’;\.l_ #Lng B2y o Aty 6ia 3*1'.6(1)133-}..]..@

OI"\ P.J—H\‘(\ns 4Hre walve OP .ﬂy\j; ﬂa'j ’ ﬂ“‘-j ,ﬁg‘j -C)"'C fn(a).uxgef

2 .
d . A -0. P Nr.a. _ .
(—;ﬁ-JH ClD'()‘E D:030-0 00‘11—'9'(_ ooo () -2.10 ()05)],

[-0050 0-004=0009- o-oms ] 25 L o 0314 ]
‘ =-3Y ﬁng

i) To F‘nd oot dY arg A ot & =16 we have to use Newsdonls backiward
ax dx*>

Mk&poh'h'or\ f—‘b-,—mula .
Since L6 is the end of+hc given data,

24,4 [7ye Bt gy Waten oy 2PNIP P o'ys _]

Lohen p=0, ‘ii- L [‘V‘j ‘l'—LV Ll-[-l-v’}\j-t-_Lq"lgj +.\.Vslj ,}-.Lq Lj} _
On p\J‘H'?Ni 4+he waloes o{‘\ h,vy, ﬂ*g, g3 9, V“\j ,Vs\din (Y), we jef

(_ 0-28) + i( 6-018) t —‘*(ooof)-b—"-LOOOL)f.l- (o oo})-}l(oﬁm
= o—}-—l L[6-281- 6009 £ 60017 4 6-:0005 + 0-0006 + 6003
yj_, [o2Ts1] = 278 Ans
%ﬁ ;11- [v y +(p+|)v G+ ._ﬁ__ﬁ__."‘"s LIS VPR :I
when p=o, (J%—E}, ! [q ‘_J.g V3‘j+ _Lv‘h.J-i-.S_aq 3-1-'-57—? t_.,]

[-b 0!8+ 06005 + ?uf (o0o)) + _é_ (,roo&)-!'f[g-lb @'003-3]

L
= Coq))-
z (ow DC—-o 618 +0°605+ 0°00t8+0:0025+ 6-00(¢_]
- c""on) [-6-0012] = -6-12 Ans
o-
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/]
— QTIRLING. ‘TorMuLpy Tor. Derrvarove
B’:‘} SHH?NS Pormu[q ,we have

F R
Featphy = Pradep [L\P(a)-;n Pr«-h)]+39_l 87 P la-h)

o2
4 PCp;,)[aach_hs +A‘~'Pca-zh)J L P r:’TD a1 Pea-2nd4 .. C
: 2 H

D*fpcunﬁaﬁ Uy wrt. 'p, we get .
a - s i [[a>F ta-hy¢ 0> Fa-Lh
hF'(q-\-ph);[“‘c‘”l“P“ "3J+ Paifcq—h)»f"(:‘LA a-hY 0 fta

2
4p>=2p AUP Ca-2h)i ..
ny .Y
= fleatpr) = & H AF (o) ‘;_Q_F(“‘“ﬂ] +pa*Fla-h)

301 | 03f@-n)+ a3 fF@-2ny | 1P”—E ptfa-2h)4..
t 2 (>

‘ - 4 0P amy+0° Pa-2hdl o2
faspnd= 5 LA‘F (a-h) +p = T2

J At Pa-2mf. J

S.NO RGPV QUESTIONS Year Marks
Q1 Find f'(x) and f”’(x) at x=6 given that RGPV,DEC. 7
X 45 |5.0 5.5 6.0 6.5 7.0 7.5 2014
F(x) | 9.69 | 12.9. | 16.71 | 21.18 | 26.37 | 32.34 | 39.15
Q.2 A sloder in a machine moves along a fixed straight rod. Its | RGPV,DEC 2013 | 7
distance x cm. Along the rod is given below for various
values of the time t-second . find the velocity of the slider
and its acceleration when t=0.3 second.

t 0.0 0.1 0.2 0.3 0.4 0.5 0.6

x |30.13 | 31.62 | 32.87 | 33.64 | 33.95 | 33.81 | 33.24
Q.3 A rod is rotating in a plane. the following table gives the | RGPV JUNE 2010 | 7
angle © (radians) through which the rod has turned for
various values of the time t second:

t 0.0 0.2 0.4 0.6 0.8 1.0 1.2

0 0.00 | 0.12 | 0.49 |1.12 | 2.02 |3.20 | 4.67
Calculate the angular velocity and acceleration of the rod
when t=0.6 second
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Numerical integration

NurerteaL  InreorATION

- TrapezoioaL RuLe

S:hh foosan = & [aornd+ 2 Cya 3495 % - 440D

> Stmesen’s One Tuzro Rue

pf.°+nh
S% fcx)d‘x.z % ft:fo*ﬂr{) T (Y Yyv Y. oL Ya DX U LY, "53*213'*"3'\-131

Shosax = A Lyovgad +2 Sy 4 =y,

This s Known as 4he Smpson’s one- tnivd yule . Tk is mestly calledl
5l'mpll:' Simpson’s  yule .

— S1tmeson's THR&E - Egonr Roe

LTV
{oydos % R 30ty A aad H0av YNyt ‘dn-s)]

L

Lo

> Webples Rue

Sr(x)c\x = %Q(—‘JO*SSQ Ty r6yad Yy +Sys) T II—T
- ‘{(-\:\ 5*5‘!1)“' (—35“'6‘333*C—\-‘w{'511\) ""-’lm?g

x Q(-ju.*sji‘;)'\’ Iyt by,e DOt Sy ) '*\.ftsl\]

Note 1. The inkaval AB mut be divided tnto 4he mottiple of § Sub - divéte
2 Weddle's Role 1s move  accovate than Simpsons wvles.

3. The (offﬁqienf-}, of ead\_ group en RHS s Ls.1,¢1,5 .
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_r—

E!AHPL\E ¢ Evaluate S| o by uﬂ'r\g 5€m‘imh‘s C-‘a-) wuk . Herwe bhhain the

p x>

appropriate value of 7o dividing Hhe varge ik £ epual pars.
CR6:P-V , Bhopal , W sevn |, Dec 2001 )

éou)‘l‘l'oﬂ = We divide Ahe vange BF rnlujrwh‘on inb 6 q'w.( ports b'j

raking he 12 =g

Nows, 4he value of qiven (\mh‘m ‘d"‘é ,ﬁﬂj 's given
as below Fsr each POIn-" UF Sob- division .

1 2 -3 3 1
x o ¢ T 3 2+ c
1 36 .. X .. 36 __. 3 ... Y .o- €
\-——-\rﬂ" 1,060,000 i—_‘f"‘i"i"u‘l -‘-_'—ozb q0000 ?_080000 3506923 z%-osg.;:;, 5 soSosoy
b ja ] ‘j,_ Yb \f!-( h 'y ’ ‘f‘

By Simpon's on€. Hhixd Role

otnh
S'x *\iA'L 2 —%E.C‘jo-\-‘.an *‘J_C,\jl-y\jq_‘.—_ ) Ty (\-5|+‘15+ . )J

1o

!
C -
S.u l—:il_—w—_;-‘_d')r_ > TEC\-oooo-l- ©:50060) + 1L0'J0000 +0 63231 + 4(6-97237 408000 04

o-S‘Jote)__'[
...ig [1Svooo + 2C1'53231) +4Q-36¢313)]
;ilé C1-Socon +3-18462 +3"4$2—5);J
=5 LU 3TY) 618539667 SN (D!
Again §! paadxs Clnled, = Crad' 1) - & RS

r\
trom C) and(2), we have

oz 0- 18539667 = ma 21MSBEES

Hene | waloe (,p ® =314(S8EE8 Q,I;Pm,(_fmqk{tj
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—

EXQMPLE- A wiex {s Bo metres wide - The depth dCin medres) of +he
Jver at a distanees X fom dhe bank s qivenby +he
‘dol\.wir\ﬂ fable -

> o) 1o 2o 30 uo So (o 7o Re 1

dlolul 7 1 a | ]l | w | = 3\

find appoximately the avea of woss - sechion of'ﬁ\c wivex Wsing
Simp Son's ('565 vole .

CROPY Bhepal , Sone dolo)

SoLuTaon I By Simesor"s C%)}olf, +he aveq bf Cvess - Sechon oF""‘"\{
Hvar = «S?Pﬂ.) dt

o
:_S 9ax = %E{gokgbyi-%{ ‘j,-l-\!l-k‘fq-'c‘jr*‘hlif 2—45\15-\"562:]

1?6 2Mo[(E+3DF 3CHUY T+ 12415+ 8) £ 2(3414) ]

Al

CHeoey=d ,h=(o]

-3;3— La4+138 + 146 ]

2 3’-9%(,\31)
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Unit-03/Lecture-10
Examp,¢ | Evalvate jo ez P9 UStNq Stmpon's 5“"" role .
Hente oblain the appraximate value o(‘ ™ ,dc‘vidtmy +he varge (nh
6C1un\ ponds.
LRCnPV, Bhopal N Sem De¢ -2011)
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@wm Cl) and ), we have
T . 0.18233% = M- 31458 Ans
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S.NO RGPV QUESTIONS Year Marks

Q.1 ¢ dx RGPV,DEC 2014, | 7
Evaluate I by using Weddle’s rule. Hence | juyNE 2013

0
obtain the approximate value of M.

Q.2 06 1 RGPV,JUNE 2014 |3
Evaluate the integral J.efx dx by Simpson 3 rule

0
Q.3 %A RGPV,DEC. 2013 |7

. . 1
Calculate the value of J.sm xdx by Simpson g rule
0

1+ x*

using Il ordinates.

b
Evaluate J.\/ cos xdx
0

RGPV,JUNE 2011 |7

1
(i) Using Simpson grule

(ii) Using Weddle’s rule.
Q.5 A river is 80 ft. Wide. the depth d in feet at a distance x | RGPV,JUNE 2010 | 7
ft from one bank is given below by the following table:
X |0 10 |20 |30 |40 |50 |60 |70 | 80
Y 0 4 7 9 12 |15 (14 | 8 3
Find approximately the area of the cross section.
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