UNIT-III
LAPLACE TRANSFORMS

Syllabus: Laplace Transform- Introduction of Laplace Transform ,Laplace Transform of elementary function
Properties of Laplace Transform ,Inverse Laplace Transform, Properties of ILT, Convolution Property,
Application of Laplace Transform for solving differential equation.

Introduction:
Let f(t) be a given function which is defined for all positive values of t, if

o0
F(s) = [ e f(t) dt
0
exists, then F(s) is called Laplace transform of f(t) and is denoted by

o0
£L{f(t)} = F(s) = [ e™f(t) dt
0
The inverse transform, or inverse of Z{f(t)} or F(s), is
fitt) = £'{F(s)}
where s is real or complex value.

[Examples]

L{coswt } = f e cos ot dt
0

e (-s cos ot + ® sin ot )
o + s?

t=0
S
s2 + w?

(Note that s > 0, otherwise e™ | diverges)
t=00

o0
L{smot} = f e™ sin ot dt(integration by parts)
0
— e sin ot ®
= - + —
S S
t=0

e cos ot dt

o8
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o0
= %f e cos ot dt
0
® ®
=7 L{cosot} = 2+ o
Note that
o0
L{cosmt} = f e cos mt dt (integration by parts)
0
® o0
= = ZOS o - %f e sin ot dt
t=0 0
1 0] .
=3 - ?J{mnmt}
2
= l{sin(ot}:%l{coscot}:%—%J{Sincot}
) ®
= L{sinot} = 2+ o
o0
Z{t") = [ et (lett=z/s, dt=dz/s)
0
Iz ,dz
-S| et
0
o0
= % (Recall T(x) = [ e't*'dt)
0
Ifn=1,2 3 ... T (n+l) =
= L{t"} = Srnl—ll where n is a positive integer

[Theorem]Linearity of the Laplace Transform
L{af(t)+bgt) } = aL{f(t) } +bL{g®)}
where a and b are constants.

1
at —_
[Example] L{e"} = s-a

Z{ sinh at }

7?

Since

Z{sinhat} = {

1
{e‘“} -5 4le
1

2
1
-2 s—a_s+a
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[Example] Find £ 1{ 2 - 2 }
s —a

[1 ; _[—1 L|: 1 1 :|
Sz_az - 2 s—a + s+a
)

1) 11
-2 {s—a}+21{s+a}
L at L -at e + e
=2 ¢ Ty =
= cosh at
Existence of Laplace Transforms
[Example] L1t} =
From the definition,
o st 1 0 st
Z{lt) = f — dt
0 0 1
But for t in the interval 0 <t <1, e™>e”™; if s> 0, then
© st 1 0 st
f [ dt=ze” J 7T 4+ f :
0 0 1
However,
1 1 1
S tldt = lim [ t'dt = lim Int
=1lim (Inl-InA) =1lm (-InA) =
A—0 A—0
D st
= f < dt diverges,
0
= no Laplace Transform for 1/t !

Piecewise Continuous Functions
A function is called piecewise continuous in an interval a <t <b if the interval can be subdivided
into a finite number of intervals in each of which the function is continuous and has finite right- and left-
hand limits.
Existence Theorem
(Sufficient Conditions for Existence of Laplace Transforms) - p. 256
Let f be piecewise continuous on t = 0 and satisfy the condition
| f(t)| <Me"
for fixed non-negative constants Y and M, then
£{ f(v) }
exists for all s > 7.
[Proof]
Since f(t) is piecewise continuous, e™ f(t) is integratable over any finite interval on t >0,
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o0

|2{ft) )| = | [erfyd | < [ e¥|fr)dt

0 0
o0

< [ Mettetdt = if s>y
0

= L{ f(t) } exists.

[Examples] Do .Z{ t"},.4{ o b, 2{t1?2 ) exist?
2 3 n
@) e‘:1+t+2—!+%+...+t
= t"<n!e
= £ { t" } exists.
.. t2
(i) e > Me"

n!

= £{ et } may not exist.

|
(iii) Z{t"?} = 5 - butnote that t12 > oo for t — 0!

Some Important Properties of Laplace Transforms

(1) Linearity Properties
L{af(h+bgt)} = aL{f(t) } +bL{g®}
where a and b are constants. (i.e., Laplace transform operator is linear)
2) Laplace Transform of Derivatives
If f(t) is continuous and f'(t) is piecewise continuous for t € 0, then

L{f@®)} = s£{f(y } -0

[Proof]
2{f®) ) = [ f(t)ye™dt
0
Integration by parts by letting
u=c¢e" dv = f(t) dt
du = -se®™dt v = f(t)
=  LfO}= [ f(t)]: +s j:e-” f@Odt=—f©O)+sL{f(r)}
= L{f®)} = s£{f(t) } —1(07)
Theorem: f(t), f(t), ..., f™Y(t) are continuous functions fort >0
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f™(t) is piecewise continuous function, then

L{fV Y = "2 f}—s"f(0) —s"2 f(0)—... — f™D(0)
eg, L{f'(t)} = s>2{ (1)} —sf0) -0

L{ ")} = P 2{ {(t) } — s £(0) — s £(0) — £'(0)

[Example]  Z{e"} = ??
f(t) = e*, f0)=1
and f(t)=ae™
= L{fO} =sL{f(t)} —10)
or L{ae"} =sd{e'} -1
or al{e"} =st{e"} -1

at —
= L{e"}= s a
[Example] L{sinat } = 7?
f(t) = sin at f(0)=0
f(t) =acos at , f(0)=a
f'(t) = — a® sin at

Since
L{f'(t)} = s22{ f(t) } —sf(0) — f(0)
=  Z{—-a’sinat} = s’2{sinat } —sx0—a

or —a’{sinat} = s> 24{sinat} —a
) a
= .é{smat}:m
Example] [ sin’t } = ——— Textbook, p. 259
[Example] {sint} = S+ 4) (Textbook, p. )

Known: f(0) =0; f'(¢) = 2sintcost = sin 2¢

Also, L{sin2t}= 22
s +4
Thus,  L{sin2¢}=L{f'} =sL{f}- f(0)=sL{sin’¢}
.2 _l . _ 2
L{sm t} = L{sm Zt} —S(S2 A
[Example]  2{ f(t)} =£{tsinot) = ﬁ (Textbook)

Page no: 5



f(t)=tsinwr,  f(0)=0
f'(t) =sin ot + wt cos wt, f'(0)=0
f"(t) =2wcos wt — 't sin wf =2wcos ot — & f (1)

L{f"} =2wL{coswt}— o’ L{f(1)}
=s’L{f}—sf(0)— f'(0)= 5" L{f}

2 2 N
(s*+o”)L{f} _2a)s2+a)2
L{tsinor} = %
(s"+w)
[Example] y'—4y=0, y0) =1, y(@© =2 (IVP!)
[Solution] Take Laplace Transform on both sides,

L{y'-4y} =4£{0}
or Liy'}-44{y} =0
Ly} —sy0) -y 0)-4£{y} =0
or 2Ly} —-s—-2-42{y} =0

2y S+ 2 1
s = =
y s> —4 s—2
_ a2t
y(t) = e
t-space s-space
Given problem Subsidiary equation
y-—y=t =
y(0) =1 - (2= 1Y =s+ 1/s%
»'(0) =1
Solution of given problem Solution of subsidiary equation
< 1 1 1l
) = e i f— = e
y(t) = e' + sinh ¢ — ¢ Y=—t 2 _ 172

Fig. 108. Laplace transform method

[Exercise] y'+4y =0, y0)=1, y(0)=2 (IVP!)
= y(t) = cos 2t + sin 2t

[Exercise] y'=3y+2y=4t-6, y0)=1, y(0)=3 (AVP))

- - - 4 6
(szy—s—3)—3(sy—1)+2y =2 5
- s2+2s—2 3 1 2
= y = s2(s—1) = s—1 T
_[1{ sz+25—2}
Y s (s—1)
1 2
— _ it
—4{ s 1 + Sz} =e'+2t
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[Exercise]

Question:

[Example]

[Exercise]

Remarks:

[Example]

[Sol'n]
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» YO =1, y(0)=0 (IVP!)
5 1

t 4t

eZt
1 Bl 1
) e + 3 € - 6 €

Can a boundary-value problem be solved by Laplace Transform method?
y"'+9 y=cos 2t, y0) =1, y(n/2) = -1

Let y'(0)=c
: LZ{y'"+9y} = £{cos2t}

- - S
sy —sy0) -yO+9y = F. 3

- - s
or s’y —s—c+9y = T
- s+c s
Y =219 T (2+9) (s +4)
4 S C S

=5 249 T 219 T s5+4
P 4 c . 1
= y=ZLYy }:? cos3t+? sm3t+? cos 2t

Now since y(n/2) = — 1, we have
-1 ==-c3-15 = c = 12/5

I R S EUN
= y—SCOSt+5 SlIlt+SCOSt

Find the general solution to
y'+9y = cos 2t
by Laplace Transform method.

Let
y(O) =6
y’(O) =6

Since £{ f(t) } = s £{ f(t) } — f(0") if f(t) is continuous
if f(0) =0

= LY f(s) } = f(t) (.e., multiplied by s)

1
If we know [1{ 3 } =sint
s +1

then [1{ - }:??
s +1

Since
sin0 =0



= II{L} _d_[—l{ 1 }
<41 dt 41

= a sint = cost

3) Laplace Transform of Integrals

If f(t) is piecewise continuous and | f(t) | < M e"*, then

t | L0
2{ [ dr } = < 4 f(t)}+?ff(r)dr
a a

[Proof]

t of t
a4 f f(t) dt } f [ f f(1) dr} e™'dt (integration by parts)
a OL a

o0
o L 1 0
[—%ff(r) dr} +— f e
0 0

a

] o0
f(r) de+ — J f(©) e dt
0

1
S

|—

O O — O

S f(t)dt + % L{ f(t) }

Special Cases: fora=0,
t —
1 f(s)
£{ [ f(r)de ) =L} ="
0
Inverse:

= t
[1{ f(ss) } = [f(tydt  (divided by s!)
0

1 1
[Example]  If we know [1{ 3 } = 5 sin2t
s +4

[1{+} =77
s(s +4)
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[Exercise] If we know £ 1{

:

[Ans]

t22 + cost —1

Multiplication by t"

[Proof]

L0060 ) = )P g

L{tf(t) } =

S

+1

s (s +1)

[ S——
<) .
o —_

1 } .
2 = sint

1
32—}:??

sint dtdtdt

= _:[j;(l—cost)dtdt = j).(t—sint)dt

d" f(s)

f(s)

5

r
2

COSI}

+cost—1

Nl“

= (=1)" £™(s)

o0
f(s) = £{ft)) = [ e f(t)dt

df(s)
S

- &
0
-/
0

00

0

f SUE(t) dt

0
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Leibnitz's Rule:

e™) f(t) dt

(Leibniz formula)’

t e f(t) dt = —f t e f(t) dt

¢2() ¢2(a)6F
= [ Fxayax = f o
1 (o) 1 ()

0



= —ZL{tf(v }
d - d
= £{tf)) = - L f6) = - 5 40

1
20y _
[Example] L{iet} = s
d 1 1
2wy _ & _
<{tet} = ds(s—2) (s —2)?
d? 1 2

2 .2t =
4{tet} = 4l s—2) T (s=2)°
[Exercise] L{tsinot} = ?7?

L{t’coswt} = 7?

[Example] ty"—ty -y =0, y0 =0,y =3
[Solution]

Take the Laplace transform of both sides of the differential equation, we have
L{ity'—ty' =y} =£{0}
or ity }-Z{ty'}-<{y} =0

Since
" d " d 2 '
Lity") = - o AUy} = = 3 (s57y =sy(0) = y'(0))
= -s’y'=2sy +y(0)
= —sz}_/'—25§=—s2@—2s§
ds
, d , d -
Lity') = - Ay} = - g (sy—-y0)
ST () e
= —3§ -y =—§5——
y -y s y
Ly} =y
= —52§ —25§ —s?'—? +§ =0
— - 2
or y'+ y =0 3@:— ds
s—1 y §—=2

Solve the above equation by separation of variable for § , we have
— c

y = (S _ 1)2
y

or =cte'
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But y'(0) = 3, wehave 3 = y'(0) = ¢ (t+1) €' =c

t=0
= y(t) = 3te'
1 R N
[Example] Evaluate £ ¢ tan (?) indirectly by (4)
1
[Solution] It is easier to evaluate the inversion of the derivative of tan™ (:).
1 ,
(tan s)’ = 11
2
1 -1/s 1
thus, (tan (1/s)) = ———> — = -
(tan” (119)" = — 5 T
d 1 g -1
-1 -1 _ — = L_ &
But L {atan (;j}—l { 1 }— sin t
and from (4) that
-1 d -1 1 -1 ) -1 -1 1
L' s—tan | —|;=<Z {F(s)} = -tf(t) =—tL <{tan" | —
ds s s
we have
-sint = -t f(t)

= L' {tan_1 (lj}:f(t) = &Tnt
s

1
[Example]  Evaluate [1{ In(1 +) } indirectly by (4)

[1{ ln(1+%)} =2 f(s) } = (1)

- d 1 1 1
and f’(s)=£(ln(1+?)) = -5 *tor1

Since from (4) we have

LY f(s) ) = —tf(t)
= —1+e' = —tf(t)
1-¢t

t

f(t) = ( Read p. 278 Prob. 13 - 16)

(4) Division by t

o0

1{%} ={¥(§) d3

fit
provided that (T) exists for t = 0.
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[Example] It is known that
L{sint} =

s+1
and  lim SITI” =1
t—0

o0

sin t © a5 1
R -
t { 2 +1 s )|,

1
— -1 —
= tan (s)

.2
sin t
t

[Example] (1) Determine the Laplace Transform of

o0
... . +t sin’t
(2) In addition, evaluate the integral J e " dt.
0
[Solution] (1) The Laplace Transform of sin’t can be evaluated by
4 s'nzt} 2 1-cos 2t | 1 1 S 2
1 = = - =
2 2s 2 44 s(s +4)
5 o0 o0
sin t 2 1 1 S
Thus, < = |73 —_ ds = - ds
e J s(s +4) J 2s 2 44
S S
o0 2 o0
1 1 2 1 S
=[—=Ins - ——In(s +4 = In
[ 2 4 ( ) ]S [ 4 SZ 14 ]S
2
1 s +4 s
= In since lim| In =In(1)=0
4 s ( s—m( s2+4j ( ) ]
o0
.2
. ¢t sint .
(2) Now the integral J e ¢ dt can be viewed as
0
o0
sinzt sinzt
_— — -st i
L{ ¢ } = J e ¢ d
0
as s = 1, thus,
o0
2 2
¢ sin't 1 s +4 1
Je — dt="4"In 2 | =4 In5
0 s=1

(6) First Translation or Shifting Property
('s-Shifting )

If 2{f(t) )} = f(s)
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then Z{e'f(t)} = f(s—a)
If LY E(s) Y =10
= £ Tf(s-a) }=e"f(1)

s
$?+4

[Example] L{cos2t} =

s+1 3 s+ 1
+1)2+4 ~ $2+25+5

L{e'cos2t} =

[Exercise]  £{ e sin 4t }

6s — 4 6s —4
P Ty
s —4s+20 (s=2) +16

[1{ 6 (s—2) +38 }_6L_1 s=2 |, 4
=2y +16 | (s—2)° +4° (s—2)% +42

6 e* cos 4t + 2 e sin 4t
= 2e” (3 cos 4t + sin 4t )

@) Second Translation or Shifting Property
( t-Shifting)

If  Z{ft)} = (9

f(t—a) if t>a
and g(t) =
0 if t<a
= 2{g)} =e"f(s)
3 3! 6
[Example] L{t } = Ty
(t—-2) t>2
gt) =
0 t<?2
6 -2s
= L{gW}="7e

S
(8) Step Functions, Impulse Functions and Periodic Functions

(a) Unit Step Function (Heaviside Function) u(t—a)
Definition:

0 t<a
u(t—a) =

1 t>a
Thus, the function

f(t—a) t>a
g =

0 t<a
can be written as

g(t) = f(t-a) u(t-a)
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The Laplace transform of g(t) can be calculated as
o0

Z{ f(t-a) u(t-a) } = [ e™ f(t-a) u(t-a) dt
0

o0
= f e f(t—a) dt ( by letting x =t-a )
a

o0
= f e S0 f(x) dx

o

-sa

e f(x)dx = e 2Z{ f(t) } = e f(s)

(&

o 38

=  Z{f(t-a)u(t-a) } = e®L{{(t)} = e f(s)
and  Z'{e® f(s) } = f(t-a) u(t-a)

-bs

[Example]  Z£{ sina(t-b) u(t-b) } = e™ £{sinat} = %
e—as
[Example] Z{u(t-a)} = S
[Example] Calculate £{ f(t) }
el 0<t<2m
where f(t) = {
e' + cost t>2n
[Solution]
Since the function
0 t<2m

u(t—2m) cos(t—2m) = {
cos(t—2m) ( = cost) t>2m
.. the function f(t) can be written as
f(t) = e'+ u(t—2n) cos(t—2m)
= L{f(t) } = £{ €'} +£{ ult-2n) cos(t—2r) }
-2ns

1 se
s—1 + 1+s?

1= -ms/2
[Example] Vg 1{ ;2 }
1+s

:1_1{ 21 }_[1{ E;-n:s/2 }
s +1 s +1
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) . E
=sint — u(t— > )sin(t— > )

) s
sint + u(t—7 ) cost

[Example] Rectangular Pulse
f(t) = u(t—a) — u(t-b)
-as -bs

L{f(t)} = £{u(t-a) } — £{u(t-b)} = GT - eT

[Example] Staircase
f(t) = u(t—a) + u(t—2a) + u(t—3a) + ...
L{f(t) } = £{u(t—a) } + £{ u(t—2a) }
+ Z{u(t-3a) } + ...

1
=S (e™+ el e’ 4 )

If as>0, e* <1, and that

o0
l+x+x2+...= 2 x" =7, - Ixl<1
n=0
then, for s > 0,
1 e—as
20} = T 7o

[Example] Square Wave
f(t) = u(t) —2 u(t—a) + 2 u(t—2a) — 2 u(t-3a) +. ..

1
= L) = (1-2e"+2e™ -2+ )

1
=5 {(2(1—-e®+e? e 4 . )-1)}
1 2
s { 1+e™ _1}
e
s I+e™®
1 eas/Z_e—as/Z :| 1 as
= |: as/2 -as/2 = S tanh( 2

S +e

[Example] Solve fory fort >0
t

y+2y+6 [zdt=—2u()
0

y+z'+z =0
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with  y(0) = -5, z(0) =6
[Solution] We take the Laplace transform of the above set of equations:
2

6
(sL{y}+S)+2L{y}+—L{z}=-=
(sL{y}+5)+(sL{z}-6)+L{z}=0

(s+28)y+6z=-2-5s
or
sy+(s+1)z=1
The solution of§ is
-5s2-7s—8 2 4 3

Y 7 $F432-4s T s T s—1  s+4
l1-sy  2@3s+2) 2 N 4
s+1  (s—-D(s+4) s-1 s+4

N

= y=4L'Yy}=2ut)-4e -3e*
z=2¢" +4e™
[Exercise]
{y’+y+2z’+3z = ¢!

3y'—y+4z7z+z =0
y@©0) = -1, z(0) =0

[Exercise] y'+y=1t), y(0)=y'(©0)=0
1 0<t<1
where f(t) =
0 t>1
(b) Unit Impulse Function ( Dirac Delta Function ) 6(t—a)

Definition: ( Fig. 117 of the Textbook )

1/k a<t<a+tk
Let fi(t) = {
0 otherwise
o0
and  Tx=J fut)dt = 1
0
Define:d(t—a) = lim  fi(t)
k—0
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Note that

[Question]

[Example]

[Solution]

Page no: 17

Area =1

a a+k t

Fig. 117. The function f(t — a) in (5)

From the definition, we know

and

00 t=a
o(t—a) =

0 t#a
e} o0
J S(t-aydt = 1 J S(t-a)ydt = 1
0 —00
e}
S smdt =1

o(t) g(t) dt = g(0) for any continuous function g(t)

d(t—a) g(t) dt = g(a)

© =8 ©*—8 ©

The Laplace transform of o(t) is

o0
Z{od(t-a) } = f e*t §(t—a) dt = e
0

L{ e costd(t-3)} = 2?

Find the solution of y for

y'+2y +y = 03(t-1), y(0) = 2, y'(©0) =3

The Laplace transform of the above equation is

(s2y =2s8-3)+2(sy —=2)+y =¢°



- 2s+7+¢* 2 (s+1) 5 e’
or y =

C+2s+1 = (s+1)2 T s+ T (s+1)?
2 5 e’
S5+l T e+ T s+1)?
Since
PN S 1
L{te }:(s+1)2 (Recallz’{t}:sz )

= [‘{(Si‘l)z} = (t-1)e®Duit-1)

y=2e'+5tet+(t-1)e®Dut-1)
=e'[2+5t+e(t—1)ut-1)]

(c) Periodic Functions
For all t, f(t+p) = f(t), then f(t) is said to be periodic function with period p.

Theorem:
The Laplace transform of a piecewise continuous periodic function f(t) with period p is
1 B
2t} =T J et f() dt
0
[Proof]
o0
2t} = [ e f(r)dt

0
p 2p

= [ Mty dt + [ e f(t)dt
0 p

3p
+ [eMtfrydt + ...
2p
(k+Dp p
But [ ety dt = [ e futkp) du
kp 0
( where u =t —kp and O<u<p )
p
= kP f e f(u) du [ since f(u+kp) = f(u) ]
0

0 P
Lt} = X e [ &% f(u)du
k=0 0
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p o
S fuydu | X (e?)k
0

k=0
P
J e f(u) du
0

- 1—eP

[Example] Find £{ |sinat|}, a>0

[Solution] p = % (due to |o|)

P
S e f(t) dt
Z{|sinat|} = o
m/a
f e sin at dt
0 . . .
= | _ oo (Use integration by parts twice)
e te 2 (/2
_ a [ +e™2 _ a

T o tal l-e™ T2 20 m  m
e —e 2 (/2

a S
= F+ a2 O,
[Example] y'+2y +5y=f(t), y0)=y'0)=0
where f(t) = u(t) — 2 u(t—mn) + 2 u(t-2n) — 2 u(t-3n) +. ..
[Solution]
The Laplace transform of the square wave f(t) is

1 1—e™
L{f(t) } = ?TZ"‘S (derived previously)
— — _ 1 1_ -TS

= 2y +2sy +5y =?1+Z'“S

- 1 1 1-e™
of Y T 2425 +5 s 1l+e™

1

Now

s(s’+2s+5)

_L[L L}_L
T 50l s $*+2s+5 |7 5
2

_11 (s+1) 1
5|s (s+1)2+22 2(s+1)2+22
1—e™

_— _ TS _ A TS 2ns _ A-3ms
and L1 o™ =(l-e™({1-e™+e e ™+ .. .)
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=1-2e™+2e?—-2e +... (derived previously)

- L L # -1tS 2ns -371s
= y = 5|:S_(S+1)2+22:|(1_2e +2e™—-2e7 4+ )

The inverse Laplace transform 0f§ can be calculated in the following way:

[1{L[L_L}}:L_l l l_ (s+1) _l o)
SLs (S+1)2+22 5|s (s+1)2+22 2(s+1)2+22
:é[l_g(l)]:%{l—e’(cosZH%sinZtﬂ

3]
S|s (s+1)2+22

= % (1—g(t—km)) u(t-km)

1
But  g(t-kn) = e ™) (cos 2(t—km) + - sin 2(tkm))
= e g(t) =" {er [cos 2t + % sin ZIH

1 2
y(©) = 5 (I -g(t) -7 (1 -e"g(t) ut-m)

2 2 2 3
+ 5 (1 —e™g(t)) u(t—2m) - 5 (1 —e’*g(t)) u(t—3m)

b
= % (1 = 2u(t—m) + 2u(t—-27) — 2u(t-37) +...)
- % (1 — 2e™u(t—n) + 2e ™ u(t-2m) —...)
= % ( f(t) — g(t)(1 — 2e™u(t—r) + 2e >u(t—2m)
—2e3m(t-3n) + ...))
Change of Scale Property
LU (1)} = £(s)
then .£{ f(at) } = %f(%)
[Proof]
Z{fat)} = [ e f(a)ydt = [ e f(u) d(u/a)
0 0
1% 1 -
=— { e fu) du = —— F(-)

in t
[Exercise] Given that ,4{ % } =tan’!(1/s)
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Findz{ = at} s
Note th 4{Smat}—L¥/ = L tan'
ote that ot =3 (sfa) = a tan (a/s)

in at in at
= 1’{ Sni 2 } = az’{ sn;ta } = tan’'(a/s)
(10)  Laplace Transform of Convolution Integrals
- p- 279 of the Textbook

Definition
If f and g are piecewise continuous functions, then the convolution of f and g, written as (f*g), is
defined by
t
() = [ f(t-1) g(o) dv
0
Properties

(a) f*g = g*f (commutative law)

t
(tre)(t) = J ft—t) g(v) dt

0

0

- f f(v) g(t—v) dv ( by letting v=t—r1)
t

t

[ etvfvydv = (@D  ged.
0

(b) (g1 +g) = g +f*g,  (linearity)

(©  (Ffg)*v = f*(g*v)

(d) f*0 = 0*f = 0

(e) 1*f # f in general

Convolution Theorem

Let f(s) = £{f(t)} and g(s) = £{ g}
then 2{ (F*g)(t) } = f(s) g(s)

[Proof]

fs)g(s) =| [efryde || [e™ g(v)dv
0 0

o0 0O
= [ [ e f(z) g(v) dv dt
00

Lett =1+ v and consider inner integral with t fixed, then
dt=dv and
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_ _ 00 0O
f(s)g(s) = [ f e f(r) gt—1) dt dr
0~

t

Fig. 123. Region of integration in
the trplane in the proof of Theorem 1

00 00 ot
[ __dtdr = [f__drdt
01 00

_ _ o0 OO
f(s)g(s) = J J e f(r) gt=1) dt dt

U
o

e™ (1) g(t—1) dr dt

S — -

t
est[ J g(t—1) f(x) dr] dt
0

o0
e (gDt dt = [ e (Prg)(t) dt
0

]
No*—§8 ©*— 8 ©—8

,_
£

s

—

Corollary
If f(s) = £{f(t)} and g(s) =.£{ g(t) }, then

L f(s) g(s) } = (Fr)(D)
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[Example]  Find £ 1{ — }

(s +1)
Recall that the Laplace transforms of cos t and sin t are
, 1
L{cost} = 241 Z{sint} = 241
S
Thus, £~ 3
{ s +1)’ }

_[1{ S 1 }
s2+1 sz+1

= sint * cost
t
Since sint * cost = f sin(t—t) cost dt
0
t
= f ( sint cost — cost sint ) cost dt
0
t t
= sint f cos’t dt — cost f sint cost dt
0 0
_1{ . ( 1. j (cos2t—lﬂ
=—|sint| t+—sin2¢ |+cost| ———
2 2 2
t sint
-2

[Example] Find the solution of y to the differential equation

y'+y = f(b), y(0) =0, y(0) =1
1 O<t<1

and f(t) =
0 t>1

[Solution]
The function f(t) can be written in terms of unit step functions:
f(t) = u(t) —u(t-1)
Now take the Laplace transforms on both sides of the differential equation, we have

_ _ 1 —e*

Py —1+y = =

-  I+4s—-e* 1 s—1 e’ 1
ot Y T 5(s*+1) = s s+1 s s2+1

y=1-cost+sint—[sint * u(t-1) ]

t
But the convolution sint * u(t—1) = f sin(t—t) u(t—1) dr

0
For t<1, u(t—1) =0, sint * u(t—-1)=0
and for t>1, u(t—1) =1,
t t
J sin(t—t) u(t-1) dr = | sin(t—t) dt
0 1
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t
Thus, sint * u(t-1) = u(t-1) [ sin(t-7) dt
1
t
= u(t—1) cos(t—7) = u(t—1) [1 — cos(t-1) ]
1
= y = 1—cost + sint —u(t—1) [1 — cos(t—1) ]

[Example] Volterra Integral Equation
t
y() = f) + [ gt-0) y() dr
0
where f(t) and g(t) are continuous.
The solution of y can easily be obtained by taking Laplace transforms of the above integral

equation:
y(s) = f(s) +g(s) y(s)
=y = o
1-g(s)

For example, to solve

t
y(t) = €+ f sin(t=1) y(t) dt

0

- 2 1 -
= y =3 21y

- 2 2 ; n!
or y =g +°3 -L{t }— pay
= T

y 12

(11)  Limiting Values
(a) Initial-Value Theorem

lim f(t) = lim s f(s)
t—0 S—>00

(b) Final-Value Theorem

lim f(t) = lim s f(s)
t—o0 s—0

[Example] f)=3e?, f0) =3, fo) =0
f(s) = £{f(t)} =

S+ 2
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3s

Slg)noosf(s) =512 =3 =
) = 3s
Sh_r)rb s f(s) = ) =0 =

[Exercise] Prove the above theorems

3 Partial Fractions
- Please read Sec. 5.6 of the Textbook
F(s) }
NW="C1 =7
2Ly
where F(s) and G(s) are polynomials in s.
Case 1 G(s) =0 has distinct real roots

f(0)

(o)

(i.e., G(s) contains unrepeated factors (s — a) )

Case?2 ...

4 Laplace Transforms of Some Special Functions

(1) Error Function

Definition:

t
erf(t) = % f e'X2 dx
0

Error Function

o0
2 2 )
erfc(t) = 1 —erf(t) = \T f e®X” dx Complementary Error Function
T
t

[Example] Find £{ erf \ﬁ }

Vo,
erf \t =Tfe'x dx
T
0

t

-12
f u e “du
0

L
\n

( by letting u = x?)

-4

t
( Recall that £y f f(t) dt
0

2 {erfAlt }

1

-7

ran)

£ {erfAlt } 2

\n

A2 -
t e }

But Z{t'?} =

TN
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Page

[Exercise]

2

[Solution]

[Exercise]
[Exercise]

[Exercise]

[Exercise]

no: 26

we have L{t1Pet) = —\LT
\Vs+1
1

= L{ erf\ﬁ } = W
Find[l{m} = M=eerft

Bessel Functions

[Example] Find .Z{ Jo(t) }

r* i]hi +t%+(z2—p2)y:0
d

= [f”JP (t)] =—t"J (1)

dt

Note that

Note that Jo(t) satisfies the Bessel's differential equation:
t Jo"(t) + Jo'(t) +t Jo(t) = O
We now take £ on both sides and note that

Jo(0) = 1 and Jo'(0) =—/,(0)= 0
= —%(szfo—s(l)—O) +(slo —1)=J¢ =0

gy s
ds ~—  §$2+1

(s2+1)J_(;+sJ_O =0=

By separation o variable
— c

o = et

Note that lim s ?(s) = f(0) (Initial Value Theorem)
S—>00

lim sJo = Jo(0) = 1

S—>00
we have
sﬁ =1 = c=1
$=00
- 1
Jo =£{JoV) } = 75—

s*+ 1

Find £{ t Jo(bt) } = 77
Find Z{ J1(t) } ifJo’(t) = - J1(t)
Find 2{ ¢ Jo(bt) }

1 - Jo(t)

1
Find,l{f} Hint: Jﬁds =In(s+ s2+1 )



o0

[Exercise] Find f Jo(t) dt

0

[Exercise]  Find .4{ te” it )

[Exercise] Find f { L-Jo() }dt

SUMMARY
0 4{1}:% Lo =2 frnenN
S
J{eat}: ; L{sinwt} = 20)2 ; L{cosmt} =
S§—a S +o

1 L{af(t)+bgt)} = aL{f(t)}+bL{g)}
I’ Z2'(af(s)+bgis)) =al {f(s)}+bL {g(s)) = af(t)+bg()
2 Z{P(t)} = s2{ f(t) } — (0%

Note that f{(t) is continuous fort > 0 and f'(t) is piecewise continuous.
2 IR0) =) =f’0)=... =) = 0, then

[‘{ " f(s) ) = £
3 4{ff(r)dr} —J{f(t)}— ()

0

Question: what if the integration starts from a instead of 0?
3 4‘1{ f6) } f f f(t) dt .
4 L{tf(t)} = - f ‘() Z{tf(t)} = (-1 ) ?(m(s)
4 4‘1{ d f(s)} = (- 1)"t" f(t)

ds

5 {&}_"O¥~~ ” W oo

L i = f (S) ds 1 i exists for t — 0.
5 Jl{ff("s')d“s' } = %

S
6. L{e"f(t)} = f(s—a) 6 2 fs—a)) = " f(1)
7. Z{ f(t-a)u(t—a) } = ¢ f(s) 7 27 e E(s) ) = f(t-a) u(t-a)
8. Liut-a) ) = — 2{d(t-a)} = e
p .
L{f} = T f e f(t) dt where f(t) is a periodic function with period p
—€
0
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10.

11.
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1 - a4, = 1
£(fan ) = — () o 2'(T@s)) = ——f—)

L{ (P2 } = f(s) g(5) 100 27{f(s)g(s) } = Prg
t

where (o)1) = [ f(t—1) g(v) dt
0

lim f(t) = lim sf(s) lim f(t) = lim s f(s)

t—0 S—>00 t—o0 s—0
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