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Black body: 

A  black  body  is  one  which  absorbs  all  types  of  heat  radiation 

incident on it when radiations are permitted to fall on black body 

they are neither reflected nor transmitted. 

A black body is known as black body due to the fact that whatever 

may the colour of the incident radiation the body appears black by 

absorbing all kind of radiations incident on it. 

 A  perfect  black  does  not  exists  thus  a  body  representing  close 

proximity to perfect black body so it can be considered as a black 

body. 

A  hollow  sphere  is  taken  with  fine  hole  and  a  point  projection  in 

front of the hole and is coated with lamp black on its inner surface 

shows  the  close  proximity  to  the  black  body,  when  the  radiation 

enter through hole, they suffer multiple reflection and are totally 

absorbed. 

 

Figure(1): Black body 

Black Body radiation: 

A  body  which  completely  absorbs  radiation  of  all 

radiations  of  all  wavelength/frequencies  incident 

on it and emits all of them when heated at higher 

temperature  is  called  black  body.  The  radiation 

emitted  by  such  a  body  is  called  black  body 

radiation.  So  the  radiation  emitted  form  a  black 

body  is  a  continuous  spectrum  i.e.  it  contains 

radiation of all the frequencies. 

Distributions  of  the  radiant  energy  over  different 

wavelength in the black body radiation at a given 

temperature are shown in the figure. 

Black  body  radiation  is  a  common  synonym  for 

thermal radiation. 

 

 

Figure(2): Black body radiation 

Radiation: 
Radiation  is  a  process  which  the  surface  of  an  object  radiates  its  thermal  energy  in  the  form  of  the 

electromagnetic waves. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Radiations are of two types 

Radiation

Ionising 
radiation

Non-ionising 
radiation
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Emissivity: 
The emissivity of a material is the irradiative power of its surface to emit heat by radiation, usually it is shown 

by ݁ or ߝ. It is the ratio of energy radiated by a material to the energy radiated by the black body. 

True  black  body  has  maximum  emissivity ߝ� =� ͳ (highly  polished  silver  has  an  emissivity  for  about Ͳ.Ͳʹ at 

least.) 

Plank’s Quantum Hypothesis: 
Plank assumes that the atoms of the wall of blackbody behave as an oscillator and each has a characteristic 

frequency of oscillation. He made the following assumption- 

1) An  oscillator can  have  any  arbitrary value of energy but  can  have  only  discrete  energies as  per the 

following relation ܧ� =� ݊ℎ� 

Where ݊� =� Ͳ,ͳ,ʹ, �͵ …� .. and � and ℎ aƌe kŶoǁŶ as fƌeƋueŶĐǇ aŶd PlaŶk’s ĐoŶstaŶt. 
2) The  oscillator  can  absorb  or  emit  energy  only  in  the  form  of  packets  of  energy ሺℎ�ሻ but  not 

continuously. ȟȠ� =� ȟℎ� 

Average energy of Plank’s Oscillators: 
If ܰ be the total number of oscillations and ܧ as the total energy of these oscillators, then average energy will 

be given by the relation. 

 Ƞ̅ = 
Ƞܰ

 ……………………………………………………………………………. (1) 

Now consider ଴ܰ,� ଵܰ,� ଶܰ …� …� …� …� .� .� ܰ௡ as the number of oscillators having the energy values Ͳ,� ℎ�,� ʹℎ�� …� .� .� ݊ℎ� ƌespeĐtiǀelǇ. TheŶ ďǇ the Maǆǁell’s distƌiďutioŶ foƌŵula 

 

 ܰ = ଴ܰ +� ଵܰ +� ଶܰ +� ⋯� …� …� …� …� ..  

 ܰ = ଴ܰሺͳ� +� ݁−ℎ��� +� −݁ଶℎ��� +� ⋯� …� …� .� ሻ  

 ܰ = 

଴ܰ(ͳ� −� ݁−ℎ���) 
.............................................................. (2) 

And the total energy    

ሺ = ܧ  ଴ܰ ×� Ͳሻ + ሺ ଵܰ ×� ℎ�ሻ + ሺ ଶܰ ×� ʹℎ�ሻ +� ⋯� ….  

ሺ = ܧ  ଴ܰ ×� Ͳሻ +� (଴ܰ݁−ℎ���  � ×� ℎ�)� +� (ܰ଴݁−ଶℎ���  � ×� ʹℎ�)� +� ⋯  

���଴ܰ݁−ℎ = ܧ   � ×� ℎ�[ͳ� +� ʹ݁−ℎ��� +� ͵−݁ଶℎ��� +� ⋯� …� .� .]  

 = ܧ 
଴ܰ݁−ℎ���   ℎ�(ͳ� −� ݁−ℎ���)ଶ ………………………………………….. (3) 
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Putting the value of ܰ and ܧ from above equations in equation (1) we get- 

 = ܧ̅ 
ܧܰ

  

 = ܧ̅ 
ℎ�݁−ℎ���(ͳ� −� ݁−ℎ���)  

 = ܧ̅ 

ℎ�(݁ℎ��� −� ͳ) …………………………………………..………. (4) 

This is the eǆpƌessioŶ foƌ the aǀeƌage eŶeƌgǇ iŶ PlaŶk’s osĐillatoƌs. 

Plank’s radiation formula: 
The average density of radiation ሺݑ�ሻ in the frequency range � and �� +� ݀� depending upon the average of an 

oscillator is given by- 

 = �݀�ݑ 
ͺ��ଶܿଷ  ݀�� ×� ̅ܧ  …………………………………………..……… (5) 

 = �݀�ݑ 

ͺ��ଶܿଷ  ℎ�(݁ℎ��� −� ͳ) ݀� 
 

 = �݀�ݑ 

ͺ�ℎܿଷ  �ଷ(݁ℎ��� −� ͳ) ݀� …………………………………………..……… (6) 

The aďoǀe ƌelatioŶ is kŶoǁŶ as the PlaŶk’s ƌadiatioŶ foƌŵula iŶ teƌŵs of the fƌeƋueŶĐǇ. This laǁ ĐaŶ also ďe 
expressed  in  terms  of  wavelength �  of  the  radiation.  Since �� =௖�  for  electromagnetic  radiation, ݀�� =− ௖�మ  ݀�.  Further  we  know  that  the  frequency  is  reciprocal  of  wavelength  or  in  other  words  an  increase  in 

frequency corresponds to a decrease in wavelength. therefore 

  �݀�ݑ− = �݀�ݑ 

ͺ�ℎܿଷ− = �݀�ݑ   ቀ�ܿቁଷ ቀ− �ܿଶ  ݀�ቁ(݁ ℎ௖��� −� ͳ)    

 = �݀�ݑ 

ͺ�ℎܿ�ହ  ͳ(݁ ℎ௖��� −� ͳ)݀� …………………………………………..… (7) 

The aďoǀe ƌelatioŶ is kŶoǁŶ as the PlaŶk’s laǁ iŶ teƌŵs of ǁaǀeleŶgth ሺ�ሻ  

Wien’s law and Rayleigh-Jeans law: 
With the help of PlaŶk’s ƌadiatioŶ WieŶ’s laǁ aŶd RaǇleigh-Jens law can be derive. When the wavelength ሺ�ሻ 

and  temperature ሺ�ሻ are  very  small,  then   ݁ ℎ���� ≫� ͳ.  Therefore, ͳ can  be  neglected  in  the  denominator  of 

equation (7). 

 = �݀�ݑ 
ͺ�ℎܿ�ହ  ݁− ℎ௖���݀� 
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By substituting ͺ�ℎܿ� =�  and ܣ
ℎ௖� =�  we get ,ܤ

 = �݀�ݑ 
ହ�ܣ  ݁− ஻��݀� …………………………………………..………. (8) 

This is kŶoǁŶ as WieŶ’s laǁ, ǁhiĐh is ǀalid at loǁ teŵpeƌatuƌe � and small wavelength �. 

For higher temperature � and large wavelength �, ݁ ℎ���� can be approximated to ͳ� +ℎ௖���. Then we have from 

equation (7) 

 = �݀�ݑ 
ͺ�ℎܿ�ହ ቀͳ� +ℎܿ�݇� −� ͳቁ݀� 

 

 = �݀�ݑ 
ͺ�݇��ସ ݀� ………………….…………………………………………..… (9) 

This is known as Rayleigh-Jeans law. 

Ultraviolet Catastrophe: 
One of the nagging questions at the time concerned the spectrum of radiation emitted by a so-called black 

body. A perfect black body is an object that absorbs all radiation that is incident on it. Perfect absorbers are 

also perfect emitters of radiation, in the sense that heating the black body to a particular temperature causes 

the black body to emit radiation with a spectrum that is characteristic of that temperature. Examples of black 

bodies  include  the  Sun  and  other  stars,  light  bulb  filaments,  and  the  element  in  a  toaster.  The  colours  of 

these  objects  correspond  to  the  temperature  of  the  object.  Examples  of  the  spectra  emitted  by  objects  at 

particular temperatures are shown in Figure 3 

 
Figure 3: The spectra of electromagnetic radiation emitted by hot objects. Each spectrum corresponds to a 

particular temperature. The black curve(dotted line) represents the predicted spectrum of a 5000 K black 

body, according to the classical theory of black bodies 
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At the end of the 19th century, the puzzle regarding blackbody radiation was that the theory regarding how 

hot objects radiate energy predicted that an infinite amount of energy is emitted at small wavelengths, which 

clearly makes no sense from the perspective of energy conservation. Because small wavelengths correspond 

to  the  ultraviolet  end  of  the  spectrum,  this  puzzle  was  known  as  the  ultraviolet  catastrophe.  Figure  27.1 

shows the issue, comparing the theoretical predictions to the actual spectrum for an object at a temperature 

of 5000 K. There is clearly a substantial disagreement between the curves 
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Matter wave: 

According  to  Louis  de-Broglie  every  moving  matter  particle  is  surrounded  by  a  wave  whose  wavelength 

depends  up  on  the  mass  of  the  particle  and  its  velocity.  These  waves  are  known  as  matter  wave  or  de-

Broglie waves. 

Wavelength of the de-Broglie wave: 

Consider a photon whose energy is given by ܧ� =� ℎ�� =ℎ௖� �׶]   ܿ� =� ��……………………………………… (1) 

Where ℎ is  PlaŶk’s  ĐoŶstaŶt ͸.͸ʹ͵� ×� ͳͲ−ଷସ ܿ݁ݏ ܬ, � is  the  frequency  and � is  the  wavelength  of  photon. 

Noǁ ďǇ EiŶsteiŶ’s ŵass eŶeƌgǇ ƌelatioŶ 

ଶܿ݉ = ܧ 
 ……………………………………… (2) 

By equation (1) and (2) 

 ݉ܿଶ = 
ℎ�ܿ    

 � = 
ℎ݉ܿ

   

 � = 

ℎ݌ Where ݌� =� ݉ܿ  

In place of the photon a material particle of mass ݉ is moving with velocity ݒ then 

 � = 
ℎ݉(3) …….…………………………… ݒ 

(i) 

Now we know that the kinetic energy of the material particle of mass ݉ moving with velocity � is given by- 

ଵଶ =  ܧ     ଶݒ݉ 

௠మ�మଶ௠ =  ܧ     

 = ܧ 
�׶] ݉ʹଶ݌ � ݌  =�  [ݒ݉

   ܧ݉ʹ√ =  ݌ 

So by equation (3)  

 � = 
ℎ√ʹ݉ܧ   

(ii) 

According  to  kinetic  theory  of  gasses  the  average  kinetic  energy  of  the  material  particle  is  given  by ܧ� =ଷଶ �ܭ where �ܭ  =� ͳ.͵ͺ� ×� ͳͲ−ଶଷ ܭ/ܬ i.e. Boltzmann constant 
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 ଵଶ  =  ଶݒ݉ 
ଷଶ    �ܭ

 ݉ଶݒଶ  = ͵݉ܭ�   

 ܲଶ  = ͵݉׶  �ܭ� �ܧ =ଵଶ ݉ܿଶ  

   �ܭ݉͵√ =  ݌ 

So by equation (3) 

 � = 
ℎ√͵݉(4) ……………………………… �ܭ 

Group or Envelope of the wave: 
When a mass particle moves with some velocity than it emits the matter waves, those waves interacts each 

other  and  where  there  they  interfere  constructively  they  form  an  envelope  around  the  particle  which  is 

known as wave group or simply envelope. 

 

Figure(2): Formation of the wave packet 

Group velocity: 
Group velocity of a wave is the velocity with which the overall shape of the ǁaǀe’s amplitudes (modulation 

or envelope) of the wave propagates through space. It is denoted by ݒ�. 

Phase velocity: 
The  phase  velocity  of  a  wave  is  the  rate  at  which  the  phase  or  the  wave  propagates  in  the  space.  It  is 

denoted by ݒ�. 

Expression for Group velocity and phase velocity: 
Let us suppose that the wave group arises from the combination of two waves that have some amplitude ܣ 

but differ by an amount ∆߱ in angular frequency and an mount ∆݇ in wave number. 

 

�ܣ =  ଵݕ  cosሺ߱ݐ� −�  ሻ ……………………………… ሺͳሻݔ݇

�ܣ =  ଶݕ  cos[ሺ߱ݐ� +� ∆߱ሻݐ� −ሺ݇� +� ∆݇ሻݔ]  ……………………………… ሺʹሻ 

By the principle of superposition  
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ଵݕ =  ݕ  +�  ଶ  …………….……………………………  (3)ݕ

�ݐcosሺ߱]ܣ =  ݕ  −� ሻݔ݇ +� cos{ሺ߱ݐ� +� ∆߱ሻݐ� −ሺ݇� +� ∆݇ሻݔ}]  
 

Using the identity cos� �ܣ +� cos� �ܤ =� �ʹ cos� �ܣ) +� ʹܤ )� cos� �ܣ) −� ʹܤ ) 

And cosሺ−�ሻ =� cos� � 

�ܣ  +� �ܤ =ሺ߱ݐ� −� ሻݔ݇ +� �ݐ߱} +� �ݐ߱∆ −� �ݔ݇ −� ʹ{ݔ݇∆  

�ܣ +� �ܤ �ݐ߱ʹ= −� �ݔ݇ʹ +� �ݐ߱∆ −� ʹݔ݇∆  

�ܣ  +� �ܤ =ଶఠ�+∆ఠ�−ଶ�௫−∆�௫ଶ �ܣ  +� �ܤ =ሺଶఠ+∆ఠሻ�−ሺଶ�+∆�ሻ௫ଶ   

�ܣ  −� �ܤ =ሺ߱ݐ� −� ሻݔ݇ −� �ݐ߱} +� �ݐ߱∆ −� �ݔ݇ −� ʹ{ݔ݇∆  

�ܣ −� �ܤ �ݐ߱= −� �ݔ݇ −� �ݐ߱ −� �ݐ߱∆ +� �ݔ݇ +� ʹݔ݇∆  

�ܣ −� �ܤ �ݐ߱∆−= +� ʹݔ݇∆  

�ܣ −� �ܤ =� �ݐ߱∆− −� ʹݔ݇∆  

�ݕ  =� � ܣ [ �ʹ cos{ሺʹ �߱ +� ∆߱ሻݐ� −ሺʹ �݇ +� ∆݇ሻݔʹ } .� cos{∆߱ݐ� −� ʹݔ݇∆ }]  
 

Let ʹ �߱ +� ∆߱� =� ʹ߱ and ʹ �݇ +� ∆݇� =� ʹ݇ 

So we have 

�cos] ܣʹ = ݕ  (ʹ߱ �ݐ −� ʹݔ݇ʹ ) .� cos� �ݐ߱∆) −� ʹݔ݇∆ )]  

�ݐcosሺ߱] ܣʹ = ݕ ⟹ −� �. ሻݔ݇ cos� ቀ∆ఠଶ �ݐ −∆�ଶ  ቁ]……………………  (4)ݔ

This is the resultant wave equation of superposition of two waves having the amplitude 

� ܣʹ  cos� ቀ∆ఠଶ �ݐ −∆�ଶ �ݐቁ and  phase cosሺ߱ݔ −�  ሻ where ߱ and ݇ are  mean  values  of  angular  frequency  andݔ݇

prapogation constant of the wave. 

 

Phase velocity: 

Since phase ߱ݐ� −�    ݐ݊ܽݐݏ݊݋ܿ =     ݔ݇

Differentiating with respect to ݐ we get 

�ݐ݀߱  −� �Ͳ   ⟹ ௗ௫ௗ =  ݔ݀݇   = 
ఠ�   

But ݒ� = ௗ௫ௗ�   
phase 

velocity 
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 =  �ݒ ⟹
ௗ௫ௗ� = ఠ�   ...................................................... (5) 

Group Velocity: ⟹ ∆ఠଶ �ݐ݀ −∆�ଶ Ͳ  ⟹ ∆ఠଶ =  ݔ݀ ଶ�∆ =  ݐ݀ �∆ఠ∆ ⟹   ݔ݀   = ௗ௫ௗ�    

So the group velocity  

�ௗ௫ௗ = �ݒ   = ௗఠௗ�   ........................................................  (6) 

 

  

http://www.rgpvonline.com http://www.a2zsubjects.com



 
Unit IV- Quantum Mechanics 

 

 Page 11 

 

Relation between Group velocity and phase velocity  

1. For dispersive and non-dispersive medium: 
 

But by equation (5) i.e. ݒ� = ఠ� ⟹� ߱� =�  �ݒ݇

Putting into equation (6) we get ⟹ ݒ� = 
݇݀(�ݒ݇)݀  

 

�.�ݒ = �ݒ ⟹ ͳ � +� ݇݀�ݒ݀݇  
 

�ݒ = �ݒ ⟹  � +� (ʹ�� ) �݀�ݒ݀ ቀʹ�� ቁ 
 

�ݒ = �ݒ ⟹  � +� (ʹ�� )  ሺ�−ଵሻ݀ �ʹ�ݒ݀
 

�ݒ = �ݒ ⟹  � +� (ͳ�) �.ሺ−�−ଶሻ �ݒ݀ ݀�  

�ݒ = �ݒ ⟹ −� �݀ �ݒ݀�  
 

Different cases: 

1) If 
ௗ��ௗ� =� Ͳ i.e. if the phase velocity does not depends on the wavelength then ݒ� =�  such a medium is ,�ݒ

called the non dispersive medium.  

2) If  
ௗ��ௗ� ≠� Ͳ i.e. if it has positive values then ݒ� <�  then such a medium is called the dispersive ,�ݒ

medium. 

2. Relativistic particle: 
Let us consider a de-Broglie wave associated with a moving particle of rest mass ݉଴ and velocity ݒ, then the ߱ and ݇ will be given by ⟹ ߱  = ʹ��   ⟹ ߱  = 

ଶ�௠௖మℎ �׶   �� =௠௖మℎ   

⟹ ߱ = 

ʹ�ܿଶℎ . ݉଴√ͳ� ଶܿଶݒ−  ……………………………….. (8) 

And  ⟹ ݇  = 
ଶ��    ⟹ ݇  = 
ଶ�ቀ ℎ೘�ቁ  ׶� �� =ℎ௠�  
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⟹ ݇  = 
ଶ�௠బ�ℎ√ଵ−�మ�మ ...................................................(9) ׶� �݉ =௠బ√ଵ−�మ�మ   

Now phase velocity ݒ� = ఠ�  

So  

 ) =  �ݒ
 మ��మℎ . ೘బ√భ−�మ�మ) 

 

( 
 మ�೘బ�ℎ√భ−�మ�మ) 

  
   

 

ቌଶ�௖మℎ =  �ݒ  . ௠బ√ଵ−�మ�మቍ� ×� ቌℎ√ଵ−�మ�మଶ�௠బ� ቍ  

 

 =  �ݒ 
௖మ�   ………………………………………………………………… (10) 

Now group velocity ݒ� = ௗఠௗ�  

The expression can be written as 

 =  �ݒ 
ቀ݀݀߱ݒቁቀ݀݇݀ݒቁ  ……………………………………………………………… (11) 

In order to find the value of ݒ� we have to solve the following terms- ⟹ ݀݀߱ݒ  = 

ݒ݀݀  [  
 ʹ�ܿଶℎ . ݉଴√ͳ�   [ଶܿଶݒ−

 
 [By equation (8)] 

ݒ߱݀݀ ⟹  = ʹ�ܿଶ݉଴ℎ ݒ݀݀ ቌ√ͳ� ଶܿଶቍ− ଵଶݒ−
 

 

ݒ߱݀݀ ⟹  = ʹ�ܿଶ݉଴ℎ (− ͳʹ) ቆͳ� ଶܿଶቇ−ଷଶݒ− .� ଶܿݒʹ−)  ) 

 

ݒ߱݀݀ ⟹  = ʹ�ܿଶ݉଴ℎ  ቀ �ଶቁቆͳݒܿ ଶܿଶቇ−ଷଶݒ−
 ……………………………………… (12) 

Again 

⟹ 
 = ݒ݀݇݀

ݒ݀݀  [  
 ʹ�݉଴ݒℎ√ͳ�   [ଶܿଶݒ−

 
 

 

⟹ 
 = ݒ݀݇݀

ʹ�݉଴ℎ  [  
ݒ݀݀  �ͳ√ݒ   [ଶܿଶݒ−
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⟹ 
 = ݒ݀݇݀

ʹ�݉଴ℎ . [  
  √ͳ� ଶܿଶݒ− .� ͳ� −� ʹͳ.ݒ  (ͳ� ଶܿଶ)−ଵଶݒ− .� ቀ−ʹܿݒଶቁ(ͳ� (ଶܿଶݒ− ]  

  
 

⟹ 
 = ݒ݀݇݀

ʹ�݉଴ℎ .
[  
   
 √ͳ � ଶܿଶݒ−  � +� ଶܿଶݒ   . ͳ√ͳ � � ଶܿଶ(ͳݒ− (ଶܿଶݒ− ]  

   
 
 

 

⟹ 
 = ݒ݀݇݀

ʹ�݉଴ℎ  . [  
 ͳ� ଶܿଶݒ− + �ଶܿଶ(ͳݒ −� ଶܿଶݒ )� .√ͳ�   [ଶܿଶݒ−

 
 

 

⟹ 
଴ℎ݉�ʹ] = ݒ݀݇݀ ቆͳ� −� ଶܿଶݒ ቇ−ଷଶ] …………………………… (13) 

Putting the value from (13) and (14) into (11) we get 

 = �ݒ ⟹

[  
   
 {ʹ�ܿଶ݉଴ℎ  ቀ �ଶቁݒܿ (ͳ� {ଶܿଶ)−ଷଶݒ−

{ʹ�݉଴ℎ  (ͳ� {ଶܿଶ)−ଷଶݒ− ]  
   
 
  

 Group velocity                      (14) ………………………………………………………………………… ݒ = �ݒ 

By equation (10) we have  

�.�ݒ     ଶܿ =  ݒ

By equation (14) i.e. ݒ� =�     ݒ

So  ݒ�.�    ଶܿ =  �ݒ

3. Non-Relativistic free Particle:  
According to the de-Broglie hypothesis 

 �  = 
ℎ௠��   

Now the total energy  

 =  ܧ 
ଵଶ  ଶ  ……………………………………………………………………… (1)�ݒ݉ 

And  ܧ  = ℎ�  ……………………………………………………………………… (2) 

By equation (1) and (2) ℎ�  = 
ଵଶ    ଶ�ݒ݉ 
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ℎ�  = 
௠��మଶℎ     

And phase velocity ݒ� =� �� 
So we have  

 

 =  �ݒ
௠��మଶℎ × ℎ௠��     

 =  �ݒ
��ଶ    
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Uncertainty Principle: 

It is impossible to determine the exact position and momentum of a particle simultaneously.  

Let us consider a particle surrounded by a wave group of de-Broglie wave as shown in the figure 

 

Figure(3): particle surrounded by a wave packet 

Let  us  consider  two  such  waves  of  angular  frequency ߱ଵ and ߱ଶ and  prapogation  constant ݇ଵ and ݇ଶ 

traviling along the same direction are- 

 ߰ଵ  = ܣ� sinሺଵ߱ݐ� −� ݇ଵݔሻ  …………………………………………… (1) 

 ߰ଶ  = ܣ� sinሺଶ߱ݐ� −� ݇ଶݔሻ  …………………………………………… (2) 

According to the principal of superposition  

 ߰ = ߰ଵ +� ଶ߰   

�ܣ = ߰  sinሺଵ߱ݐ� −� ݇ଵݔሻ� +� �ܣ sinሺ߱ଶݐ� −� ݇ଶݔሻ  

�ݐsinሺ߱ଵ]ܣ = ߰  −� ݇ଵݔሻ +� sinሺ߱ଶݐ� −� ݇ଶݔሻ]  

ܣ = ߰  [ �ʹ sin� (߱ଵݐ� −� ݇ଵݔ� +� ߱ଶݐ� −� ݇ଶݔʹ )� .� cos� (߱ଵݐ� −� ݇ଵݔ� −� ߱ଶݐ� +� ݇ଶݔʹ )]  

�׶ sin� ܿ� +� sin� �ܦ =� �ʹ sin� �ܥ) +� ʹܦ )� .� cos� �ܥ) −� ʹܦ )  
ܣʹ = ߰  [sin� (߱ଵ +� ଶ߱ʹ �ݐ −݇ଵ +� ଶ݇ʹ �(ݔ .� cos� (߱ଵ −� ଶ߱ʹ �ݐ −݇ଵ −� ଶ݇ʹ  [(ݔ

 

 

 

 

 

http://www.rgpvonline.com http://www.a2zsubjects.com



 
Unit IV- Quantum Mechanics 

 

 Page 16 

 

Let  ߱� =߱ ଵ +� ଶ߱ʹ  

 

  

(3) 
And  ݇� =݇ଵ +� ଶ݇ʹ  ……………………………………......................... 

And  ∆߱� =� ߱ଵ −� ଶ߱   

And ∆݇� =� ݇ଵ −� ଶ݇   

So we have 

ܣʹ = ߰   [sinሺ߱ݐ� −� �.ሻݔ݇ cos� ቀ∆ఠଶ �ݐ −∆�ଶ  ቁ]                    ………………………………………………………… (4)ݔ

The resultant wave is plotted in the figure (4). The position of the particle cannot be given with certainty it is 

somewhere between the one node and the next node. So the error in the measurement of the position of 

the particle is therefore equal to the distance between these two nodes. 

 

Figure(4): The envelope created by the superposition of two waves. 

The node is formed when cos� ቀ∆ఠଶ �ݐ −∆�ଶ �ቁݔ =� Ͳ                                                                                         ׶� cos� �ܣ =� Ͳ� ⟹� �ܣ =ሺʹ �݊ +� ͳሻ �ଶ  ⟹          ∆߱ʹ �ݐ −∆݇ʹ ʹሺ = ݔ �݊ +� ͳሻ �ʹ
  

Thus ݔଵ and ݔଶ represents the positions of two successive nodes, then at any instant ݐ, we get- 

 
∆ఠଶ �ݐ −∆�ଶ ʹଵ  = ሺݔ �݊ +� ͳሻ �ଶ  ………………………………………………… (5) 

 
∆ఠଶ �ݐ −∆�ଶ ʹଶ  = ሺݔ �݊ +� ͵ሻ �ଶ  ………………………………………………… (6) 

Now on subtracting (5) from (6) we get 

 
∆ఠଶ �ݐ −∆�ଶ ଶݔ − ∆ఠଶ �ݐ +∆�ଶ .݊ʹ =  ଵݔ �ଶ + ଷ�ଶ −� ʹ݊.�ଶ − �ଶ   

 
∆�ଶ  ሺݔଵ −�    � =  ଶሻݔ

 ∆݇ ȟ(7) …………………………………………………  �ʹ =  ݔ 

But   ݇� =ଶ��೘ 
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 ∆� ቀଶ��೘ቁ�  ȟݔ  = ʹ�   

Again �௠ = ℎ௠� = ℎ� 

So ʹ� ȟ { ଵቀℎ�ቁ}  ȟݔ   = ʹ�   

 
ଵℎ .� ȟ݌.� ȟ1 =  ݔ  

 ȟ݌.� ȟݔ  = ℎ   

 ȟ݌.� ȟݔ  ൒ ℏ  
Where ℏ� =ℎ/ʹ� 

Energy and time uncertainty principle: 
Let ∆ݔ be  the  width of  the wave  packet moving  along  the  x-axis,  let ݒ� be  the  group  velocity  of  the wave 

packet  and ݒ௫ is  the  particle  velocity  along  x-axis.  Now  if  the  wave  packet  moves  through ∆ݔ in ∆ݐ time. 

Since ∆ݔ is the uncertainty in the x-coordinates of the particle and ∆ݐ is the uncertainty in the time i.e. given 

by 

 = ݐ∆ 
�ݒݔ∆   

�.�ݒ = ݔ∆   (1) ……………………………………………………………… ݐ∆

If the rest mass of the particle is ݉଴ then the kinetic energy is given by 

 =  ܧ 
ଵଶ ݉଴ݒ௫ଶ   

 =  ܧ 
ଵଶ௠బ .� ଴݉ଶݒ௫ଶ    

 =  ܧ 
ଵଶ௠బ .� ሺ ଴݉ݒ௫ሻଶ   

 =  ܧ 
ଵଶ௠బ .�    ௫ଶ݌

 =  ܧ 
��మଶ௠బ  ....................................................................... (2) 

If ∆݌௫ and ∆ܧ are the uncetainity in the momentum and energy respectively, then differentiating (2) we get 

 =   ܧ∆ 
ଶ��.∆��ଶ௠బ    

 =   ܧ∆ 
��.∆��௠బ     

 ∆ ௫ܲ  = 
௠బ∆���    

But ݌௫ =� ଴݉ݒ௫ 

So  ∆ ௫ܲ  = 
௠బ௠బ��  (3) ..................................................................  ܧ∆

Now by(1) and (3)  

�.ݔ∆  �.�ݒ =  ௫݌∆ ��ଵ.ݐ∆    ܧ∆ 
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But ݒ� =�   ௫ so we haveݒ

 ȟݔȟ݌௫  = ∆ݐ.�  (4) ..................................................................  ܧ∆

We know that                                      

 ௫     ൒ ℏ ................................................................................ (5)݌∆ݔ∆ 

So by (4) and (5) 

�.ݐ∆     ൒ ℏ  ܧ∆

 

  

http://www.rgpvonline.com http://www.a2zsubjects.com



 
Unit IV- Quantum Mechanics 

 

 Page 19 

 

Application of uncertainty Principle: 
Determination of the position of a particle with the help of a microscope: 

Let  us  consider  the  case  of  the  measurement  of  the  position  of  an  electron  is  determined.  For  this  the 

electron is illuminated with light (photon). Now the smallest distance between the two points that can be 

resolved by microscope is given by 

 = ݔ∆ 
��ʹ sin� � .................................................................. (1) 

From the above equation it is clear that for exactness of position determination improves with a decrease in 

the  wavelength ሺ�ሻ of  liaght.  Let  us  imagine  that  we  are  using  a ሺߛ� −�  ሻ microscope  of  angularݕܽݎ

apertureʹ�. 

 

Figure(5): microscope 

In  order  to  observe  the  electron,  it  is  necessary  that  at  least  one  photon  must  strike  the  electron  and 

scattered inside the microscope. The scattered photon can enter in the field of view +� to –� � as shown in 

the figure. 

 

Rough ܧ� =� ℎ�   ܾݐݑ ��� =� ܿ  

So 

�ܧ  =ℎ௖� …� …� …� …� …� …� …� .� .� ሺͳሻ 

And 

�ܧ  =� ݉ܿଶ …� …� …� …� …� …� …� ሺʹሻ 

So 

 ݉ܿଶ = ℎ�� �݌  =� ቀℎ�ቁ  

 Figure(6): Scattering of an photon by an electron 
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The  momentum ሺ݌ሻ of the  scattered  photon  is ቀℎ�ቁ then  the  momentum  along  the  x-axis  is ሺ–� �݌ sin� �ሻ and ሺ+݌� sin� �ሻ.  But  when  the  photon  of  wavelength �′ collied  to  the  electron  then  this  photon  recoile  the 

electron by giving some momentum to it.  

Now the uncertainty in the momentum transfer to the electron will be ȟ݌� �݌]= +� [௫݌ − �݌] −�  [௫݌
 

 ȟ݌ = ቀℎ�′ + ℎ� sin� �ቁ� −� ሺℎ�′ − ℎ� sin� �ሻ   

 ȟ݌ = 
ଶℎ� sin� �  ................................................................. (2) 

By equation (1) and (2) 

 ȟ݌.� ȟݔ  = 
�ଶ� si୬� �× ଶℎ� si୬� ��     

 ȟ݌.� ȟݔ  = ℎ   

 ȟ݌.� ȟݔ  ൒ 
ℏଶ  Where ℏ� =ℎଶ� 

Diffraction of electron beam by a single slit: 

Suppose  a narrow  beam of electron passes  through a narrow single slit and produces a diffraction on the 

screen as shown in figure. 

 

Figure(7): Diffraction pattern of electron beam by single slit 

But the theoƌǇ of FƌauŶhofeƌ’s diffraction at a single slit ሺʹ݀� sin� �� =� ±݊�ሻ the first minima is given by 

 ʹȟݕ� sin� � = �  …………………………………….……………………………………… (1) 

In  producing  the  diffraction  pattern  on the  screen,  all  the  electrons  have  passed  through  the  slits  but  we 
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can-not say definitely at what place of the slit. Hence the uncertainty in determining the position of electron 

is equal to the width of the slit ሺȟݕሻ then by equation (1) 

 ȟݕ  = 
�ଶ� si୬� �  …………………………………………….…………………… (2) 

Initially  the  electrons  are  moving    x-axis  and  hence  they  have  no  component  of  momentum  along  y-axis. 

After diffraction on the slit, they are deviated from their initial path to form the pattern. Now they have a 

component ݌� sin� �. As  y  component  of  momentum  may  be  anywhere  between ሺ݌� sin� �ሻ and  ሺ–� �݌ sin� �ሻ. 

Hance the uncertainty in ݕ component is 

 ȟ݌௬  = ݌� sin� �� −� ሺ−݌� sin� �ሻ   

 ȟ݌௬  = ʹ݌� sin� �   

 ȟ݌௬  = �ʹ ቀℎ�ቁ� sin� �׶]  � �݌ =ℎ�] .............................. (3) 

By equation (2) and (3) 

 ȟݕ.� ȟ݌y  = 
�ଶ� si୬� �× ଶℎ� sin� �   

 ȟݕ.� ȟ݌y  ൒ ℎ   

 ȟݕ.� ȟ݌y  ൒ 
ℏଶ   
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Compton Scattering: 

When a beam of monochromatic radiation of sharply define frequency incident on materials of low  atomic 

number, the rays suffers a change in frequency on scattering. This scattered beam contains two beams one 

having lower frequency or greater wavelength other having the same frequency or wavelength. 

The  radiation  of  unchanged  frequency  in  the  scattered  beam  is  known  as  unmodified  radiation  while  the 

radiation of lower frequency or slightly higher wavelength is called a modified radiation. This phenomenon is 

known as Compton effect. 

 

Figure(8): Compton Scattering 

The energy and momentum  

S.N. Quantity Before collision After collision 

1. Momentum of radiation 

ℎ�௖  (Where � is the frequency of 

radiation) 

ℎ�′ܿ  

2. Energy of radiation 
E� =� hϑ (Where � is the frequency of 

radiation) 
E� =� hϑ′ 

3. Momentum of electron Ͳ ݉ݒ 

4. Energy of electron 
�ܧ =� ݉଴ܿଶ (Where ݉଴ is the rest mass of 

the electron) 

�ܧ =� ݉ܿଶ (Where ݉ is the 

moving mass of the electron) 

By the principle of the conservation of momentum along and perpendicular to the direction of the incidence, 
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we get 

In x-direction  ݉݊݋�ݏ�݈݈݋ܿ ݎ݁ݐ݂ܽ ݉ݑݐ݁݉݋݉ =   ݊݋�ݏ�݈݈݋ܿ ݁ݎ݋݂ܾ݁ ݉ݑݐ݊݁݉݋   ℎ�� +� Ͳ  = 
ℎ�′௖ cos� �� +� �ݒ݉ cos� �  …………………………………. (1) 

In y-direction Ͳ� +� Ͳ  = 
ℎ�′௖ sin� �� −� �ݒ݉ sin� �  …………………………………. (2) 

By equation (1)  ݉ݒ �ܿ cos� �  = ℎ�� −� ℎ�′ cos� �  …………………………………. (3) 

By equation (2) ݉ݒ �ܿ sin� �  = ℎ�′ sin� �  …………………………………. (4) 

Squaring equation (3) and (4) then adding we get ݉ଶݒଶܿଶሺsinଶ �� +� cosଶ �ሻ     = ሺℎ�� −� ℎ�′ cos� �ሻଶ + ሺℎ�′ sin� �ሻଶ   ݉ଶݒଶܿଶ  = ℎଶ�ଶ +� ℎଶ�′ଶ cosଶ �� −� ʹℎଶ��′ cos� �� +� ℎଶ�′ଶ sinଶ �    ݉ଶݒଶܿଶ  = ℎଶ�ଶ +� ℎଶ�′ଶሺcosଶ �� +� sinଶ �ሻ −� ʹℎଶ��′ cos� �   ݉ଶݒଶܿଶ = ℎଶ�ଶ +� ℎଶ�′ଶ −� ʹℎଶ��′ cos� �  ℎଶ�ଶ +� ℎଶ�′ଶ −� ʹℎଶ��′ cos� � = ݉ଶݒଶܿଶ …………………………………. (5) 

Now by conservation of energy ݊݋�ݏ�݈݈݋ܿ ݎ݁ݐ݂ܽ ݕ݃ݎ݁݊ܧ = ݊݋�ݏ�݈݈݋ܿ ݁ݎ݋݂ܾ݁ ݕ݃ݎ݁݊ܧ   ℎ�� +� ݉଴ܿଶ  = ℎݒ′ +� ݉ଶܿ  ………………………………….  (6) ℎ�� +� ݉଴ܿଶ −� ℎݒ′  = ݉ܿଶ   ℎ�� −� ℎ�′ +� ଴݉ܿଶ  = ݉ܿଶ   

Squaring both side [ℎ�� −� ℎ�′ +� ଴݉ܿଶ ]ଶ  = ݉ଶܿସ   

As we know that ሺܽ� +� ܾ� +� ܿሻଶ =� ଶܽ +� ଶܾ +� ଶܿ +� ʹܽ �ܾ +� ʹܾܿ� +� ʹܿܽ  

so                           ሺܽ� −� ܾ� +� ܿሻଶ =� ଶܽ +� ଶܾ +� ଶܿ −� ʹܽ �ܾ −� ʹܾܿ� +� ʹܿܽ ℎଶ�ଶ +� ℎଶ�′మ +� ଴݉ଶܿସ −� ʹℎଶ��′ −� ʹℎଶ�′݉଴ܿଶ +� ʹℎ� ଴݉ܿଶ  = ݉ଶܿସ   ℎଶ�ଶ +� ℎଶ�′ଶ −� ʹℎଶ��′ +� ଴݉ଶܿସ +� ʹℎሺ�� −� �′ሻ.� ଴݉ܿଶ   = ݉ଶܿସ  …………………………………. (7) 

Subtracting equation (5) from (7) we get ℎଶ�ଶ +� ℎଶ�′ଶ −� ʹℎଶ��′ +� ଴݉ଶܿସ +� ʹℎሺ�� −� �′ሻ.� ଴݉ܿଶ −� {ℎଶ�ଶ +� ℎଶ�′ଶ −ʹℎଶ��′ cos� �}  = ݉ଶܿସ −� ଶ݉ݒଶܿଶ  

ℎଶ�ଶ +� ℎଶ�′ଶ −� ʹℎଶ��′ +� ଴݉ଶܿସ +� ʹℎሺ�� −� �′ሻ.� ଴݉ܿଶ −� ℎଶ�ଶ −� ℎଶ�′ଶ+� ʹℎଶ��′ cos� � = ݉ଶܿଶሺܿଶ −� �.ଶሻ  −ℎଶݒ ʹ��′ሺͳ� −� cos� �ሻ +� ʹℎሺ�� −� �′ሻ݉଴ܿଶ +� ଴݉ଶܿସ  = ݉ଶܿଶሺܿଶ −�   ଶሻݒ
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But   �݉ =௠బ√ଵ−�మ�మ 

So   ݉ଶ = ௠బమଵ−�మ�మ 

       ݉ଶ = ௠బమ௖మ௖మ−�మ  

So −ℎଶ.� ʹ��′ሺͳ� −� cos� �ሻ +� ʹℎሺ�� −� �′ሻ݉଴ܿଶ +� ଴݉ଶܿସ  = 
௠బమ௖మሺ௖మ−�మሻ ܿଶሺܿଶ −� �ଶሻ  −ʹℎଶ��′ሺͳݒ −� cos� �ሻ +� ʹℎሺ�� −� �′ሻ݉଴ܿଶ +� ଴݉ଶܿସ  = ݉଴ଶܿସ −ʹℎଶ��′ሺͳ� −� cos� �ሻ +� ʹℎሺ�� −� �′ሻ݉଴ܿଶ  = Ͳ  ʹℎሺ�� −� �′ሻ݉଴ܿଶ  = ʹℎଶ��′ሺͳ� −� cos� �ሻ  ሺ�� −� �′ሻ  = 

ଶℎమ��′ଶℎ௠బ௖మ  ሺͳ� −� cos� �ሻ  

(�−�′)��′   =  
ℎ௠బ௖మ ሺͳ� −� cos� �ሻ 

���′ − �′��′  = 
ℎ௠బ௖మ ሺͳ� −� cos� �ሻ  ଵ�′ − ଵ�  = 
ℎ௠బ௖మ ሺͳ� −� cos� �ሻ  ………………………….. (8) 

Multiplying by ܿ both side ௖�′ − ௖�  = 
ℎ௖௠బ௖మ ሺͳ� −� cos� �ሻ  �′ −� �  = 
ℎ௠బ௖ ሺͳ� −� cos� �ሻ  ………………………….. (9) ȟ�  = 
ℎ௠బ௖ ሺͳ� −� cos� �ሻ  ȟ�  = 
ℎ௠బ௖ �ʹ sinଶ ቀ�ଶቁ  ȟ�  = 
ଶℎ௠బ௖ sinଶ ቀ�ଶቁ  ………………………… (10) 

Where ȟ� is the change in the wavelength 

Equation (10) shows that 

1) If �� =� Ͳ� ⟹� ȟ�� =� Ͳ i.e. there is no scattering along the direction of incidence. 

2) If �� =�ଶ ⟹� ȟ�� =ℎ௠బ௖ = ଺.଺×ଵ଴−యరଽ×ଵ଴−యభ×ଷ×ଵ଴8 =� Ͳ.ʹͶʹ͸ Å, this  wavelength is known as  Compton 

wavelength and it is a constant quantity. 

3) If �� =� �� ⟹� ȟ�� =ଶℎ௠బ௖ =� Ͳ.Ͷͺͷʹ Å so  the  change  in  the  wavelength  waries  in  accordance  to  the 

scattering angle � and this is shown in figure. 
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Figure(9): Graph between angle of incidence and wavelength 

Importance of Compton effect: 

1) It provides the evidence of particle nature of the electromagnetic radiation. 

2) This verifies the PlaŶk’s ƋuaŶtuŵ hǇpothesis. 

3) This provides an indirect verification of the following relation �݉ =௠బ√ଵ−�మ�మ and ܧ� =� ݉ܿଶ 

Direction of the recoil electron: 
We know that 

ݒ݉  �ܿ cos� �  = ℎ�� −� ℎ�′ cos� �  …………………………………………… (3) 

ݒ݉  �ܿ sin� �  = ℎ�′ sin� �  …………………………………………… (4) 

Dividing (4) by (3) we get 

 tan� �  = 
ℎ�′ sin� �ℎ�� −� ℎ�′ cos� �   

 tan� �  = 
�′ sin� ��� −� �′ cos� �   

Again by equation (8) i.e. 

 
ͳ�′ − ͳ� = 

ℎ݉଴ܿ ሺͳ� −� cos� �ሻ  

 
ͳ�′ = 

ͳ� + ℎ݉଴ܿ ʹsinଶ (�ʹ)  

Multiplying by � we get 

 
��′ = ͳ� +ℎ�݉଴ܿ ʹsinଶ (�ʹ)  

 
ͳ�′ = 

ͳ� +ℎ�݉଴ܿ ʹsinଶ ቀ�ʹቁ�  
 

 �′ = 

�ͳ� +ℎ�݉଴ܿ ʹsinଶ ቀ�ʹቁ   

Then by equation (11) and (12) we have 
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 tan� � = 

[ �ͳ� +ℎ�݉଴ܿ ʹsinଶ ቀ�ʹቁ ] .� sin� �
�� −[ �ͳ� +ℎ�݉଴ܿ ʹsinଶ ቀ�ʹቁ  ] .� cos� �  

Let 
ℎ�௠బ௖ =� �  

then 

tan� �  = 

[ �� sin� �ͳ� +� �� ʹsinଶ ቀ�ʹቁ ]
�� −[ �� cos� �ͳ� +� �� ʹsinଶ ቀ�ʹቁ  ]

  

 tan� �  = 

[ �� sin� �ͳ� +� �� ʹsinଶ ቀ�ʹቁ ]
� [ͳ� − cos� �ͳ� +� �� ʹsinଶ ቀ�ʹቁ  ]

  

 tan� �  = 

[ sin� �ͳ� +� �� ʹsinଶ ቀ�ʹቁ ]
[ͳ� +� �� ʹsinଶ ቀ�ʹቁ� −� cos� �ͳ� +� �� ʹsinଶ ቀ�ʹቁ  ]  

 tan� � = 

sin� �ͳ� +� �� ʹsinଶ ቀ�ʹቁ� −� cos� �  

 tan� � = 

sin� �ሺͳ� −� cos� �ሻ� +� �� ʹsinଶ ቀ�ʹቁ  

 tan� � = 
ʹ.� sin� ቀ�ʹቁ� .� cos� ቀ�ʹቁʹ.� sinଶ ቀ�ʹቁ� +� �� ʹsinଶ ቀ�ʹቁ  
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 tan� � = 
ʹ.� sin� ቀ�ʹቁ � .� cos� ቀ�ʹቁʹ.� sinଶ ቀ�ʹቁ� ሺͳ� +� �ሻ  

 tan� � = 
cot� ቀ�ʹቁ[ͳ� +� �]  

 tan� � = 

cot� ቀ�ʹቁ[ͳ� +ℎ�݉଴ܿଶ]  
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Wave function and its properties: 

We  know  that  height  of  the  water  surface  varies  periodically  in  water  waves,  the  pressure  of  gas  varies 

periodically  in  sound  waves  and  the  electric  field  and  magnetic  field  varies  periodically  in  light  waves, 

similarly  the  quantities  which  varies  periodically  in  case  of  matter  waves  is  called  the  wave  function.  The 

quantity  whose  variations make  up  the matter waves.  This  is  represented  by ߰.  This  has  no  direct  physical 

significance and is not an observed quantity. However the value of wave function is related to the probability 

of finding the particle at a given place at a given time, wave function ߰ is a complex quantity i.e.  ߰� =� �ܣ +�  ܤ�

Conjugate of ߰ is ߰∗ =� �ܣ −�  ܤ�

And ߰߰∗ = |߰|ଶ =� ଶܣ +�  ଶ |߰|ଶ at a time at a particular place is the probability of finding the particle there at that time and is known asܤ

probability density |߰|ଶ =� ߰∗߰ 

Let the wave function ߰ is specified in ݔ direction by the wave equation ߰� =�  ఠቀ�−��ቁ�−݁ܣ

Where ߱� =� ʹ�� and ݒ� =� �� 

So  

−�ଶ���ቀ−݁ܣ =  ߰  ���ቁ   

 ଶ��ቀ��−��ቁ  ……………………………… (1)−݁ܣ =  ߰ 

 

As ܧ� =� ℎ� 

�ܧ =ℎଶ� .� ʹ��  
�ܧ =� ʹ� ℏ �  

And �� =ℎ�  

�� =ଶ�. ℎమ��   �� =ଶ� ℏ�   ଵ� = �ଶ�ℏ  

Putting these values in (1) we get 

 

ଶ��ቀ−݁ܣ =  ߰  �మ�ℏ�− �మ�ℏ௫ቁ
   

−݁ܣ =  ߰  �ℏሺ��−�௫ሻ
  ……………………………… (2) 

This is the wave equation for a free particle. 

Properties of wave function: 
1) It  must  be  finite  everywhere:  if ߰ is  infinite  at  a  particular  point,  then  it  would  mean  an  infinitely 
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large probability of finding the particle at that point, which is impossible. Hence ߰ must have a finite 

or zero values at any point. 

2) It must be single valued: if ߰ has more than one value at any point, it means that there is more than 

one values of probability of finding the particle at that point, which is impossible. 

3) It must be continuous: For Schrodinger equation 
ௗమటௗ௫మ  must be finite everywhere. This is possible only 

where  డటడ௫   has  no  discontinuity  at  any  boundary  where  potential  changes.  This  implies  that ߰ too 

must be continuous across a boundary. 

4) ߰ must  be  normalised: ߰ must  be  normalised,  which  means  that ߰ must  to  be  zero  as ݔ� ⟶� �ݕ ,∞± ⟶� �ݖ ,∞± ⟶� ±∞ in order that ∫|߰|ଶ ݀ݒ over all space be finite constant. 

If ∫ |߰|ଶ+∞−∞ �ݒ݀  =� Ͳ� ⟹the particle does not exists but |߰|ଶ over all space must be finite i.e. the body 

exits somewhere it ׵ ∫ |߰|ଶ௫మ௫భ �ݒ݀  =� Ͳ,� ∞,�  .complex are not possible ,݁ݒ−

5) Normalization: ∫ |߰|ଶ+∞−∞ �ݒ݀  =� ͳ 

As |߰|ଶ =� ߰∗߰ =�  ሺܲሻݕݐ�ݏ݊݁݀ ݕݐ�݈�ܾܾܽ݋ݎ݌
6) Probability between the limits ݔଵ and ݔଶ: This is given by  

௫ܲభ௫మ = ∫ |߰|ଶ+∞−∞   ሻ݈ܽ݊݋�ݏ݊݁݉�݀ ݁݊݋ሺ ݔ݀ 

7) Expected  values:  To  correlate  experiment  and  theory  we  define  the  expectation  values  of  any 

parameter 

ۄݔۃ = ∫ .ݔ |߰|ଶ+∞−∞ ∫ ݔ݀  |߰|ଶ+∞−∞ =  ݔ݀  ∫ ∞−∞+߰ ݔ ∗߰ ∫ ݔ݀  ߰∗  ߰+∞−∞ ݔ݀   

If ߰ is a normalised wave function then  ∫ |߰|ଶ+∞
−∞ �ݔ݀  =� ͳ 

So  ۄݔۃ =� ∫ |߰|ଶ+∞
−∞ �ݔ݀  =� ͳ 

Orthonormal and Orthogonal wave function: 

For two wave function ߰ଵሺݔሻ and ߰ଶሺݔሻ if the condition ∫ ߰ଶ∗ሺݔሻ߰ଵሺݔሻ௕௔ �ݔ݀ =� Ͳ exists then they are said to 

be orthogonal wave function. Here ߰ଶ∗ሺݔሻ is the complex conjugate of ߰ଶሺݔሻ. 

The normalized wave function are defined by ∫� ଶ߰∗ሺݔሻ߰ଵሺݔሻ௕
௔ �ݔ݀ =� ͳ 
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The wave function satisfying both the conditions of normalisation and orthogonally said to be orthonormal. 

These two conditions simultaneously can be written as 

 

 ∫� ௠߰∗ ሺݔሻ߰௡ሺݔሻ݀�௕
௔ =� ௠௡ߜ = 

 

=� ͳ for �݉ =� ݊ 

 

 =� Ͳ for �݉ ≠� ݊ 
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Operator: 

Operator ܱ̂ is a mathematical rule which may applied to a function ݂ሺݔሻ which changes the function in to an 

other function ݃ሺݔሻ. 

So an operator is a rule by means of which from a given function, we can find another function for example:  ݀݀ݔ  ݁௔௫ =� ܽ ௔݁௫ 

So an operator tells us that what operation to carry out on the quantity that follows it. 

Energy Operator: 
We know that the wave function is given as- 

−݁ܣ =  ߰  �ℏሺ��−�௫ሻ
   

Differentiating partially with respect to ݐ we get 

 
డటడ�   = − ℏܧ� ℏሺ��−�௫ሻ�−݁ܣ 

  

 
డటడ�   = − ℏܧ�  ߰  

�ℏ− = ߰ ܧ  ݐ߲߲߰   

Hence energy operator 

ℏ� =  ܧ̂  ݐ߲߲߰   

Momentum Operator:  
Again by wave function i.e. 

ℏሺ��−�௫ሻ�−݁ܣ =  ߰ 
  

Differentiating equation with respect to ݔ we get 

 
డటడ௫   = 

ℏ݌�    ℏሺ��−�௫ሻ�−݁ܣ 

 
డటడ௫   = 

ℏ݌�  ߰   

 
ℏ� డటడ௫   ߰݌  =  

ݔℏ߲߲߰�−  ߰݌    

ℏ�−  ̂݌    ݔ߲߲

Note: 
ℏ�  డటడ௫ =� ߰ ܧ

Here ߰ is  called  an  eigan  function  of  the  operator −�ℏ డడ௫   and ܧ are  called  the  corresponding  energy  eigan 

values. 
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Schrodinger’s wave equation: 
SĐhƌodiŶgeƌ’s ǁaǀe eƋuatioŶs aƌe the fuŶdaŵeŶtal eƋuatioŶs of ƋuaŶtuŵ ŵeĐhaŶiĐs iŶ the saŵe  sense as 

the NeǁtoŶ’s seĐoŶd eƋuatioŶ of ŵotioŶ of ĐlassiĐal ŵeĐhaŶiĐs. 

It is the differential form of de-Broglie wave associated with a particle and describes the motion of particle. 

                

Figure(10): Schrodinger wave equations 

Schrodinger’s time dependent wave equation in 1-dimentional form: 
Let us assume that the ߰ for  a particle moving freely in the positive x-direction is 

−݁ܣ  = ߰  �ℏሺ��−�௫ሻ   ………………………. (1) 

Now the total energy 

�ܧܭ = ܧ  +� � ሺݕ݃ݎ݁݊݁ ݈ܽ�ݐ݊݁ݐ݋݌ሻ …..………………… (2) 

And we know that the kinetic energy is related with the momentum as ܧܭ� =�మଶ௠ 

So the equation (2) in terms of wave function ߰, can be written as 

�ቀ�మଶ௠ቁ =  ߰ܧ  ߰� +� �߰  …………………… (3) 

As we know that the energy and momentum operators are given by ܧ �߰ =� �ℏௗటௗ�  and ݌ �߰ =ℏ� ௗటௗ௫  

Putting the values in equation (3) we get 

Schrodinger 
wave 

equation

Time dependent 
Schrodinger wave 

equation

(i) One Dimensional�ℏ ݐ߲߲߰ = ℏଶʹ݉ ߲ଶ߲߰ݔଶ +� �߰
(ii) Two Dimensional�ℏ ݐ߲߲߰ = ℏଶʹ݉ ߲ଶ߲߰ݔଶ + ߲ଶ߲߰ݕଶ +� �߰
(iii) Three Dimensional�ℏ ݐ߲߲߰ = ℏଶʹ݉ ߲ଶ߲߰ݔଶ + ߲ଶ߲߰ݕଶ + ߲ଶ߲߰ݕଶ +� �߰

Time dependent 
Schrodinger wave 

equation

(i) One Dimensional߲ଶ߲߰ݔଶ − ʹℏ݉ଶ �ܧ −� �� ߰଴ =� Ͳ
(ii) Two Dimensional߲ଶ߲߰ݔଶ + ߲ଶ߲߰ݕଶ + − ʹℏ݉ଶ �ܧ −� �� ߰଴ =� Ͳ

(ii) Three Dimensional߲ଶ߲߰ݔଶ + ߲ଶ߲߰ݕଶ + ߲ଶ߲߰ݖଶ − ʹℏ݉ଶ �ܧ −� �� ߰଴ =� Ͳ
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 �ℏ ݐ݀߰݀  = 
ͳʹ݉  (ℏ� ଶ(ݔ݀݀ ߰� +� �߰  

 �ℏ ݐ݀߰݀  = − ℏଶʹ݉ ݀ଶ߰݀ݔଶ +� � ߰ ………..…………………….………… (4) 

SĐhƌodiŶgeƌ’s tiŵe iŶdepeŶdeŶt ǁaǀe eƋuatioŶ iŶ 3-dimentional form: 

 �ℏ ௗటௗ�   = 
ℏమଶ௠  ቀ ௗమௗ௫మ + ௗమௗ௬మ + ௗమௗ௭మቁ� ߰ � +� �߰   

But the Laplacian operator is given as  ∇ଶ=� ቀௗమௗ௫మ + ௗమௗ௬మ + ௗమௗ௭మቁ  

So the above equation can be written as- 

 �ℏ ௗటௗ�   = 
ℏమଶ௠  ∇ଶ߰ � +� �߰  ………………………….…………… (5) 

Schrodinger’s time independent wave equation in 1-dimention: 
Again from wave function- 

−݁ܣ = ߰  �ℏሺ��−�௫ሻ    

−݁ܣ = ߰  �ℏ�� .� �݁ℏ�௫
   

݁ܣ = ߰  �ℏ�௫.� −݁ �ℏ��
   

 ߰ = ߰଴݁− �ℏ��
  Where ߰଴ =� ℏ�௫݁�ܣ

 

Now differentiating partially with respect to ݐ we get 

 
డటడ�   = − ��ℏ  ߰଴ ݁− �ℏ��

  …………………………………………… (7) 

Now differentiating partially with respect to ݔ we get 

 
డటడ௫    = 

డటబడ௫ ݁− �ℏ��     

Again 
ʹݔ߲߰ʹ߲    = 

߲ʹ߰Ͳ߲ݔʹ ݁− �ℏݐܧ
   …………………………………………… (8) 

Putting the value from (7) and (8) into equation (5) we get i.e. �ℏ డటడ௫  � =ℏమଶ௠  ∇ଶ߰� +� �߰ 

 �ℏ [− ℏܧ�  ߰Ͳ ݁− �ℏݐܧ]  = − ℏʹʹ݉  [߲ʹ߰Ͳ߲ݔʹ ݁− �ℏݐܧ] +� �Ͳ߰ ݁− �ℏݐܧ
   

−଴݁߰ܧ  �ℏݐܧ
  = ݁− �ℏ�� [ ℏమଶ௠ డమటబడ௫మ +� �଴߰ ]   

 =  ଴߰ܧ 
ℏమଶ௠ డమటబడ௫మ +� �଴߰   

଴߰ܧ  − �߰Ͳ  = 
ℏమଶ௠ డమటబడ௫మ    

 ሺܧ� −�ሻ߰Ͳ  = 
ℏమଶ௠ డమటబడ௫మ    

 
ଶ௠ℏʹ ሺܧ� −�ሻ߰Ͳ  = 

߲ʹ߰Ͳ߲ݔʹ    

 
߲ʹ߰Ͳ߲ݔʹ − ଶ௠ℏʹ ሺܧ� −�ሻ߰Ͳ  = Ͳ  ………………………………………………………. (10) 
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SĐhƌodiŶgeƌ’s tiŵe iŶdepeŶdeŶt ǁaǀe eƋuatioŶ iŶ 3-dimention form: 

 ቀడమటబడ௫మ + డమటబడ௬మ + డమటబడ௭మ ቁ� −ଶ௠ℏమ ሺܧ� −� �ሻ߰଴  = Ͳ   

 ∇ଶ߰Ͳ − ଶ௠ℏʹ ሺܧ� −�ሻ߰Ͳ  = Ͳ   

Where ∇ଶ= ቀ ʹݔ߲ʹ߲ + ʹݕ߲ʹ߲ +  ቁʹݖ߲ʹ߲
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Application of Schrodinger’s wave equation: 
Energy level and wave function of a particle enclosed in one dimensional box of infinite height: 

Let us consider the case of a particle of mass ݉ moving along x-axis between two rigid walls A and B at ݔ� =Ͳ and ݔ� =�  The potential energy � of the particle is given as .ܮ

 �� =  
 

Ͳ ݂ݎ݋ Ͳ� <� �ݔ <�   ܮ

�ݔ ݎ݋݂ ∞  ൑� Ͳ ܽ݊݀ ݔ� ൒�   ܮ

 

Within the box, the Schrodinger wave equation is given by 

 
ʹݔ߲߰ʹ߲ − ଶ௠ℏʹ �׶]  Ͳ =  ߰ܧ  �� =� Ͳ …………………………………….  (1) 

Let  ݇ଶ = 
ʹℏܧ݉ʹ   (2) 

 
ʹݔ߲߰ʹ߲ −� ଶ݇߰  = Ͳ ………………………………………………. (3) 

This is a second order differential equation and its solution is given by 

�ܣ =  ߰  sin� �ݔ݇ +� �ܤ cos�  (4) ………………………  ݔ݇

Where A and B are constants, the value of these constants can be calculated by the boundary conditions. By 

first boundary condition if ݔ� =� Ͳ� ⟹� ߰� =� Ͳ 

Then by equation (4) we get 

 Ͳ  = ܣ� sin� ݇Ͳ� +� �ܤ cos� ݇Ͳ   ⟹ ܤ  = Ͳ   

For second boundary condition ߰� =� Ͳ at ݔ� =�  then by equation (4) ܮ

 Ͳ  = ܣ� sin� �ܮ݇ +� Ͳ.� cos� �ܣ ⟹   ܮ݇ sin�    Ͳ =  ܮ݇

But ܣ� ≠� Ͳ so sin� �ܮ݇ =� Ͳ� ⟹� �ܮ݇ =� ݊� ሺ݊� =� Ͳ,ͳ,ʹ, �͵ …� …� …� ሻ 

As we know that ݇ଶ  = 
݊ଶ�ଶܮଶ  ........................................................ (5) 

By equation (2) and (5)  

 
ଶ௠�ℏమ   = 

௡మ�మ�మ    

For representing the ݊�ℎ energy level replacing ܧ BY ܧ௡ we have 

 
ଶ௠�೙ℏమ   = 

௡మ�మ�మ    

 =  ௡ܧ 
௡మ�మ�మ  � ×ℏమଶ௠    

 =  ௡ܧ 
௡మ�మ�మ  � × ℎమସ�మ ଶ௠   
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 =  ௡ܧ 
௡మℎమ଼௠�మ  ......................................... (6) 

It is clear from expression (6) that inside an infinitely deep potential well, the particle can have only discrete 

set of energy i.e. the energy of the particle is quantised. The discreet energies are given by 

 =  ଵܧ 
ℎమ଼௠�మ   

 =  ଶܧ 
ସℎమ଼௠�మ =� Ͷܧଵ   

 =  ଷܧ 
ଽℎమ଼௠�మ =� ͻܧଵ   

 =  ସܧ 
ଵ଺ ℎమ଼௠�మ =� ͳ͸ ܧଵ   

 .. = ..     ..    ..  

 .. = ..     ..    ..  

The constant A of equation (4) can be obtained by applying the normalization condition i.e. 

 ∫ |߰|ଶ ݀ݔ௫=�௫=଴   = ͳ   

 ∫ �ܣ| sin� ଴�ݔ݀ ଶ|ݔ݇   = ͳ   

ଶܣ  ∫ sinଶ �ݔ݇ ଴�ݔ݀    = ͳ      

ଶܣ  ∫ ቀଵ−c୭s� ଶ�௫ଶ ቁ� ଴�ݔ݀    = ͳ   

 
஺మଶ ∫ ሺͳ� −� cos� ଴�ݔ݀ ሻݔ݇ʹ   = ͳ   

 
஺మଶ �଴{ݔ}] − {si୬� ଶ�௫ଶ� }଴�]  = ͳ   ܣଶʹ [ሺܮ� −� Ͳሻ� −ͳʹ݇ ሺsin� �ܮ݇ʹ −� sin� Ͳሻ] = ͳ  

 
ʹଶܣ �ܮ] −ͳʹ݇ ሺsin ܮ�݊ʹ �ܮ −� sin� Ͳሻ] = ͳ ׶� ݇� ܮ�݊ʹ=  

 
ʹଶܣ �ܮ] −ͳʹ݇ ሺͲ� −� Ͳሻ] = ͳ ׶� sin� ʹ݊�� =� Ͳ 

 
ʹଶܣ   ͳ = ܮ

 ଶ�  …………………........................................... (7)√ =  ܣ 

Now the wave function will be given by 

 ߰  = √ଶ� sin ௡�� �ሺ݊  ݔ =� ͳ,ʹ,͵,� …� …� .� ሻ 
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