RGPV SOLUTION CS-3001-MATHEMATICS-3-DEC-2017

2 2
1. (a) Prove that x* = ? + 42 (-1y’ Cosznx — 7 < x < 7, Hence show that Z— = %
n = n
Solution : Given: f(x)=x>,—z7<x<x . (1)
Here, 2L=n—-(n)ie2L=2r=L=nx
Suppose the Fourier series of f(x) with period 2L is,
f(x)= Z {@J +35, sin(@j
L) <= L
= f(x)= —0 + > a,cosnx+ ) b, sinnx [Since L=7] ......... (2)
n=1 n=1
Now, a,=—{ f(x)dx=—
= = 2.[0” x’ [Since x* =Even]
37" 2
= a0=2x— =z[7l'3—0]=2”
3 3 3
1 T 1 T P
and a, =—I f(x)cosnxdx=—'f x° cosnxdx [xcosnx =o0dd]
T Ty
= = 2‘[” x* cosnxdx
0
_ _ g{xz(smnxj ~ 2){_ cos2nx) . 2(sm3nxﬂ
V4 n n n 0
= a,,=3H0+@—0}—{0—0—0}:4(_21)
T n n
1 g . 1 T .
and b, = —J f(x)sinnxdx= —J x° sinnxdx
7o x o
= =0 [x” sinnx = odd]
Putting in equation (1), we get
f(x)= 7[— Z@cosnx
3 5 n
2
- f(x)= % - 4[0(1)25 Gl 002522x + co3s23x ...... } ......... 3) Proved

Since x = 7 1s point of discontinuity, then

@ =31 +0)+ £z 0]



[f(z+0-27)+ f(z-0)] [Since 2 7 is period of function]

N | —

[f(=7+0)+ f(z-0)]

N | —

- @)= leay + w7 [From (1]

Putting x = 7 in equation (3), we get

7’ {cosn cos2zw  cos3x }

7)="——4 - +
/(@) 3 1° 22 3?

= gn% = % Proved
(b) Obtain half-range sine series for e’in <x <1

Solution : Given: f(x)=¢e"; 0<x<1

Here, L=1

Suppose the half range sine series of f(x)is,
= nx
= > b sin| —
f(x) Z:l: " ( 7 j

= fx)= ib,, sin(nx) [SinceL=1] ... 2)

n=l

2 L . [ nmx 20, .
Now, b, = Z-L f(x) sm(Tja’x = Tfoe sm(nnx)dx

1

_ _ 2[ . e: I sin(nﬂx)—nﬂcos(nmc)]}

nrz+1 0

= =— 22 1[{el[sin(mr)—n;zcos(mr)]}— {l[sin(O)—nﬁcos(O)]}]

= = 2 1[{e[0+n7z]}—{0—n7r}]
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b= [e+1]

"ontrt 4l

Putting in equation (2), we get

nsin(n )

f(x)=2z[e+ 1]2

= 'z’ +1

-x* lx|<1

1
2.(a) Find the Fourier transform of f(x) =
0 ;| x>1

®© X COSX —SInX X
J‘ ——————co§ — dx
0 X 2

1-x* ;|x|<I
Solution: Given the function: f(x)= { X slx

0 ;| x>1

The Fourier transform of a function F'(x)is given by
F(p)=—— [ Feyerax L 1)
27 =

Substituting the values of f(x)in (1), we get

1 g 2 jpx
f(p):Ejl(l—x)e dx

- f(p)= [(1 - xz)[ el; ] - (m)[%] +(- 2)[ (Z:; Hll

1 2 2 (.. , e’ —e
- f(P)=E_—?(2008p)+7(2zsmp) '.‘Slnp:2—

p

_ _ 4 o
- )= ﬂ[pcosp sin p]

Since inverse Fourier transform of f(p)is,

1 4 . ip
F(x)= T2n LO{— N [pcosp —s1np]}e dx

- __I { pcosp—smp)} Pdp = F(x)

2
Since x = 1 , 1s point of continuity, then F 1 =1- 1) - 3
2 2 2 4

e

- o %:{0_2(;_";}2(;;:}}_{0”@_5}2[.

p

Answer

71[7

3

A

. Hence evaluate



Putting in x = %in equation (3), we get

_2 m[l pcosp—smp)} "“dp:i
= p 4

o | 1 . p ... D RY/1
= —(pcosp—sin cos——isin=— |[dp=——
L"Lf (pcosp p)}[ 5 2} p=-

Comparing real and imaginary part, we get

Ji {# (P cosp — sinp)} COSE dp = _3?”

° —si 3 . .
= 2J-O (MJ cos%dp = [Since the function is even]

p’ 8

_ J':(pcosp_smpjcosgdp=—3—ﬂ

3

» 2 16
J': ( M;Smx j cosg dx = — ?_76[ [By definite integral property]
X

(b) Using Laplace Transform to solve the differential equation
%—2%+x—e When x =2 %:—mz:o
Solution : Given the differential equation is,
X'"O)-2x'"t)+x(t)=€¢" (1)
With initial condition are: x(0)=2 and x'(0) =-
Taking Laplace transform of (1) on both sides, we get
L{x" ()} —2L{x' (1)} + L{x(0)} = Lie' |
R
p—1

[p2x(p) - px(0) = x'(0) ]+ 2L{ px(p) — x(0)} + x(p) =

Putting the initial values, x(0) =2 and x'(0) =—1,we ge
1
[PZX(P) —-2p+ 1]_ 2[px(p) - 2]+ x(p) = ool
L

_ (p2—2p+l)x(p)—2p+1+4=p_l

1
= (P—l)zx(l?)zﬁﬂ“zp—S

= Lix(t)} = +
-



G =
_ x(;):etp{#}wll{z;;f}
- ﬂn=e(iJ+th{i_;}}

2
Thus x(t) = e{%} +e'(2-3¢) Answer

1—-cost
t

3.(a) Find the Laplace transform of

Solution : Let F(t)=1-cost

Taking Laplace transform on both sides, we get

L{F @)}y =[L{1} —{cost}]

_ _ 1 P
= —2{]) p2+1} S(p) [Say]

By Laplace transform by division of t, we have

waﬂ [ 1 pyip

1 cost J~
p p +1

= =|:logp—%10g(p2 +1)} =%[210gp—10g(172 +1)]j

P

o0
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Thus

1—cost

Let Fi(¢) =

1 2
andfl(p)=—log( >
2 P

p +1
PZ

ﬂ Sfi(p) {Say}

|

p +1

Applying formula for Laplace transform by division of #, we have

H-

J, /i (p)dp

1—cost

(e 1 p°+1
=],/ (dp=2] log( =

Jo

%f ]1.[10g(p2 + 1)” —log(pz)]dp

Applying integration by parts formula, we get.

=%[P.{log(l72 +1)-log(p?) }]m -5 (p 1 pjdp
= Z%:Piog(p;jlﬂ: +-[:p21+1dp
_ :%:O—p.log[p;jlﬂ+ [tan (p)];
_ _ _g.log(p;jl + [tan’1 (c0)—tan™ (p)]
_ =_§ 1og[p;f1 {%—tan‘l(p)}
_ =_§.1og(p;jl +cot”(p)
_ L{l —tczost} _ _g'log(p;j + oot (p)J Answer




(b) Using the Convolution theorem and find L > J >
is +lis +4)

S

Solution : Suppose f(s)=———and g(s)=—;
s”+1 s*+4

LHf(s)l= Ll{sz‘: 1} = cost = F(t)

1 1
And Lg(s)}=L" =—sin2t = G(¢
{g)} {32+4} : ()
By Convolution theorem of Inverse Laplace transform, we have

L'/(5) 8(9)} = [ F(x)Gle - x)ax

L {(Z—Hiz—M)} = %J-Otcosx sin(2¢ — 2x )dx
s s
= = %.[52 sin(2¢ — 2x)cosxdx = %J‘Ot[sin(Zt —2x + x)+sin(2¢ — 2x — x)|dx
[+ 2sin AcosB =sin(4+ B)+sin(4 - B)]

cos(2t - 3x)]
3

1 cost cos2t 1
= =—|4C0St +———1C0S2¢ + :—[cost—cos2t]
4 3 3 3

Thus L' {(2—1i2—4)} = % [cost —cos2t] Answer
ST+ 1IAST +

4. (a) Define:

= = %Lt[sin(% — x)+sin(2¢ — 3x)|dx = i[cos@t —x)+

0

(>i). Probability density function for continuous random variable.
(ii). Mean and variance of random variables.

Solution :
(i). Probability density function for CRV:

If X is continuous random variable defined in (—o0,0), then the function f(x) is said to

pd.fif [ f(x)dx=1, When o0 <x <o
(ii). Mean and Variance of CRV.

If M is the mean, then M = f xf(x)dx, When —oo < x <o0
The Variance(V) =y, —(ﬂl ')2 where 1,'= f x* f(x)dx; When—oo<x <oo and

H'= J‘:xf(x)dx, When—oo < x < o0



(b) Find the mean and variance for Binomial distribution.

Solution : (i). Mean of Binomial Distribution:

We know that by binomial distribution
P(X :r):n Crprqn—r

Formula for mean of B.D. is,

m= Zn:r.P(X =r)

— zr.n Crprqn—r — zr‘n C,prqn_r
r=0

r=1

n
4 n—-r

= n'""'C_p'q

— _ann IC’ 1pr lq(n D—(r-1)

n—1

- =nplg+p) " =np
Hence, m=np

(i1). Variance of Binomial Distribution:

We know that by binomial distribution
P(X :r):n Crprqn—r

Formula for variance of B.D. is,
V= Zr P (mean)

-3 [r+r(r—l}"C,prq”_r—m2

=l

(=]

=

= =>»r"Cpq" +Zr(r D'C.p'q"" —n

(=4

=l

_ :np+zn:r.(l’—1)"cr7’rqn_r _nzpz

r=2

[ .- first term is zero]

[r'C =n""C._]

[ q+p=1]

2

n’p

[ First two terms are zero|]

= =np+ Zn(n -)"C _,p’q" —-n’p’ [ r(r-=1)"C, =n(n-1) ”’ZCH]

r=2

) =”P+”("—1hfjimickﬂfﬂqwawpn

r=2

2.2

- —np+(n*p* —np* Ng+p) " —n*p

= =np+n/p’ —np’ —%2

= np (1- p)=npq

2.2

[ g+p=1]



Hence, V=npgq

5.(a)  Fit Poisson’s distribution to the following and calculate the theoretical frequencies e =0.61
Death : 0 1 2 3 4
Frequency : 122 60 15 2 1

Solution : Given, n=5 and N = Zf =200

The expected frequency of Poisson distribution

7 :NP(X:r)=200{e|2m } .......... (1)
Mean m=M=m=0.5
N 200

Expected frequency distribution table

r R

0 122 0 122

1 60 60 61

2 15 30 15.25~15

3 2 6 2.541~3

4 1 4 0.3177~0
Total 200 Z f.r=100

Putting in equation (1), we get

Jo= 200{&} =200x0.61 {(Oi)r }

L Lr
L
Puttingr =0, 1, 2, 3, 4, we get the expected frequency are 122, 61, 15, 3 and 0 respectively.
(b) Show that the mean deviation from mean of the normal distribution is 4/5 times of standard
deviation.

Solution: We know that by the definition of normal distribution function is,

_()C*"I)z
! e X for—w<x<o ... (1)

fx)=

o271

We know that the formula of mean deviation about mean of normal distribution is,

Mean deviation = [ [x—m|f(x)dx



(x-m)’

L [Meml 2 dy e @

o217

. xX—m .
Putting, z=——=x-m=zoiedx=0dz
o

1 —
From (2) Mean deviation=———\ |zole *dz
el

=ﬁj_w| zle 2dz
M.D.= 270;[_[12 e_édz .......... 3) [ |z] e*'? iseven function]
Putting, t= § =2=z" so that zdz = dt
20

From (3), Mean deviation= “edt
\/E” .[o

20 - —2—U—e’w+e’° :2—6 +
Rl = S ]

(£
N
.05 o=

Thus, M.D.= (%j o Hence Proved

6. (a) By the method of least squares. Find the straight line that best fits the following data:

X : 1 2 3 4 5
y : 14 27 40 55 68
Solution: Suppose straight line y as dependent and x as a independent variable is
y=a+bx (1)

Here two unknown constants, then the two normal equations are,

Sy=ma+bd x Q)
and Y xy=a) x+bd x> Ll 3)

Table :




3 40 120 9

4 55 220 16

5 68 340 25

> x=15 Dy =204 D xy=748 D x* =55

Here, m =5
Putting in equation (2) and (3), we get
Sa+15b=204 L. 4)
and 15a+55b =748
Solving equation (4) and (5), we get
a=0 and b=13.6

Putting in equation (1), we get

y=13.6x Answer
(b) The profit of a certain company in the x” year of its life are given by:
X : 1 2 3 4 5
y 1250 1400 1650 1950 2300

Taking u =x — 3 and 50 v =y — 1650, show that the parabola of second degree of y on x is:
y=1140.05+72.1x +32.15x>

Solution : Given the new variable u and v such that

u =x—3andv:w
50

Suppose the second degree parabola equation with variables u and v is,
v=a+but+cu® . (1)

The normal equations are,

Zv:ma+b2u+cZu2 ............ (2)
Zuv:a2u+b2u2 +CZM3 ............ 3)
and Z:uzv:aZ:u2 +b2u3 chZ:u4 ............. 4)

Table for fitting of curve as follows,



X y u=x- y—1650 u.v u’ u’v u’ ut
3177 50
1 1250 -2 -8 16 4 -32 -8 16
2 1400 -1 -5 5 1 -5 -1 1
3 1650 0 0 0 0 0 0 0
4 1950 1 6 6 1 6 1 1
5 2300 2 13 26 4 52 8 16
15 8550 0 6 53 10 21 0 34

Now we have

m:S,Zu 20,21/:6,214\/:53,2142 =1(),Z:u3 :O,Z:u4 :34and2u2v:21

Putting these values in equation (2), (3) and (4), we get

5a+b(0)+10c+6=5a+10c=6 .. (5)
a(0)+10p+c(0)=53 =  10h=53ieb=53 ... (6)
10a+b(0)+34c=21 = 10a+34c=21 ... (7)

On solving equations (5) and (7), we get
a=-0.085714and ¢ =0.642857
Putting the values of a, b and ¢ in equation (1), we get

v=-0.085714+5.3u+0.642857u"

Y1050 _ 4 085714+ 5.3(x—3)+0.642857(x 3)

= =-0.085714+53x-15.9+0.642857x> —6x+9)

= =—0.085714+53x—15.9+0.642857x> —3.857142x+5.785713

= =0.642857x% +1.442858~10.200001

= y—1650=32.14285x" +72.1429x—510.00005

= y=113999995+72.1429x+32.14285x
»=1139.99995+72.1429x+32.14285x> Hence Proved

. . . —m—r<x<0
7.(a) Find a Fourier Series for f(x)= { and deduce that;
X, X<X<7




Solution : Given : f(x) ={

-t <x<0

X, X<x<7w

Here, 2L=n—(—n)ie2L=2r=L=r

Suppose the Fourier series of f(x) with period 2L is,

Now,

and

Ay  ~ nx - . [ nm
X)=—+ ) a,cof — |+ > b sin| —
0= ool ) Sl
f(x)=az_°+2ancosnx+2bnsinnx

n=1 n=1

a, =lj” F(x)dx
72' =T

0 l T
= — —72' —
1J dx+ J‘O xdx
T o7 s

a, = lr f(x)cosnxdx
7Z' -

= lJ-O (— ﬁ)cosnxdx+l'[”xcosnxdx
T 70
{sinnx}o IK sinnx} ( cosnxﬂ”
= — +— X _1 - P
n |, x n n o
=—1[0—0]+1H0+(_12) }_{M%H
n T n n

@ =l -]

n 2
n w

b, 1 [ f(x)sinnxdx
72' =T

= ljo (— ﬂ)sinnxdx+l'[”xsinnxdx
b et 70

{ cosnx}0 1 { ( cosnxj (sinnxﬂ”
— - L N | S
n |« n n .

[Since L=r]



Putting in equation (1), we get

7 sl - L e
X)==—+—2/ cosnx+ Yy —|1-2(-1)" [sinnx
f( ) 4 /= n2 ;n[ ( ) ]
= f(x)——z_g cosx+cos3x+0055x N 3sinx_sin2x+3sin3x_sin4x+ 2
4 T 12 32 52 """ 1 2 3 4 aee oo

Since x =0 is point of discontinuity, then

FO =31/ ©+0)+ £0-0)]

- JO=3[-x--% [From (1)]

Putting in equation (2), we get

Tz 2|1 1 1
O=-——|—+—+—+.... |10
/O 4 ﬂ[lz 3* 5° }

N R S S
4  gl1? 3 57T

z~ 1 1 1

S 1—2+3—2+5—2+.... Hence Proved

and hence find Fourier sine transform of

(b) Find the Fourier cosine transform of f(x)=—
+x

1

F(X)=1+x

2

Solution: Suppose F(x)= 5
1+x

The Fourier cosine transform of F(x) is,

felp)= \/EFF(X) cos pxdx
T 0

fc(p)=\/zf ! cospxdx=1{[Say] ... (1)
T

1+ x?

Differentiating w.r.t., p, we get
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i]:i\/zro I > cos pxdx
dp dp\7m* 1+x
2= 1 0 2 X
= == —(cospx)dx =, |— sin pxdx
\/;-[0 1+x° Gp( P ) \/;IO 1+ x° P
Il 2 (o : _ 2 = (l+x*~1 .
= ar_ \/:J' al Sysin pxdx:—\/: J X -V sin pxdx [Adding and subtract 1]
dp 7T %0 xil+x ) 7 x\l+x
_ d] \/7 jws1npx w s1npx
xi1+x )
_ dl _ \/7( j \/7 » sinpx { J-wsmaxdxzz}
d x1+x 0 X 2

B © sin px
_ \f \ﬂm .......... )

Again differentiating w.r.t., p, we get
{ sin px
=0 + — From (1
IO xil +Xx ) M

_ d I \/7 © XCOSPX \/7 »Cospx
0 x1+x 0 1+x°

d’l

dp®

This is Linear differential equation of higher order.
The solution of (3) is,
I=ce’+c,e” (1)
Differentiating w.r.t., p, we get

ar_ =ce’ —c,e” 2)

dp
Putting p =0,1in equation (1) and (4) we get

B \/%I:Hlxz o
RN

and cl+02:I:>c1+czz\/§ ........... (6)

Again Putting p =0, in equation (2) and (5) we get




ﬂz_ £_|.():£:_\/Eandcl—czz—\/E .......... (7)
dp 2 dp 2 2

Solve (6) and (7), we get

=0 and 02:\/§

From (4), we get

T
1= —ef’7

” . 1
0 1+x7 2 I+x 2

Differentiating w.r.t., p, we get

(Iw—x51npx _\/Eep
1+x° 2

= zroxsmpxdx=\/ge”” = F{ ! }zﬁe"” Answer

0 1+x° “ll+x?] 2

. e . du,

8.(a) For a Poisson distribution with mean m, show that x, _, =mu, d
m

00 e—mmx
Where 1, = (x—m)
0 e—mmx
Solution : Given z, =Y (x—m) —— ... (1)

Now, ap, _ i[i(x —m) e 'm }

s > eimmx = (x_m)l‘ X _—m
=—> (x—m +=- xme " —m'e
Sm) S =y ] ]
=—ru, +e""i (x—m)r m*! [x—m] [From (1)]
x=0 Ii
ILlr — l c (x m)r+1 —m X
dm ’ m ; [x ‘
d 1
= [From (1]
m m
_ du,

= m———+mry, , = H,,
dm

(b) Evaluate by using Laplace transform



dt

oo

. © 4 3 » ¢! sint

(). te ™ sintdt (ii).
0 0 t

L i

Solution : (i). L{sint} = =
p +1

By Multiplication property, we have

Litsins} = (—l)dipﬂp)

. d( 1 2
= Litsint}=——/| —; = P >
dp\ p*+1) (p* +1)

= r e (¢sint)dt = 2p 5 [By Definition of L.T.]
0 (pz + 1)

Putting p = 4, we get
2(4) - = 8 Answer
(4> +1) 289

(i1).  Let F(t)=sint

[ e (esint)dr=

L s

p+1_

L{F(t)}= L{sint} =

By Laplace transform of division of t, we have

L{@} -[(rwde L (1)

L{F(t)}:_[: ! 1dp:[tan’1p]j

t p2+

= I:e"’” [%m)dt == —tan"'(p) [By Definition of L.T.]

J-w e’ (g}lt -z Answer
0 4




